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Professor Dumitru Botnaru is one of the Moldavian members of ROMALI. By
this, we mean that he lives in Republic of Moldova, more precise in its Capital,
Chisindu. We remind here that Romanian Society of Applied and Industrial
Mathematics -ROMALI is a Society that has two wings — one in Romania, and the
other in Republic of Moldova. From its founding, in 1993, it included members
from both sister countries. Moreover, Moldavian members involved themselves in
the activity of ROMALI in a vivid and benefic way, by organizing many editions of
the annual conference of the Society (Conference of Applied and Industrial
Mathematics - CAIM), in Republic of Moldova, by participating in the editions
of CAIM in Romania, by publishing in ROMAI Journal, and so on.

Being among the first Moldavian members of ROMAI, Professor Botnaru
became a friend of our Society. A reciprocal sympathy relation connected Professor
Dumitru Botnaru (and his wife) to the Professor Adelina Georgescu, the founder
of ROMAL, that left this world in 2010, and whom we all miss. Meeting each other
at CAIM conferences either in Romania or in Republic of Moldova, they always
discussed, besides Mathematics, problems concerning the Romanian people from
both sides of river Prut. Since ROMAI was founded in 1993, that is short time after
the fall of the communism, everyone in the two countries was, at that time,
animated by vivid hopes concerning the future. It was a period of grace in which,
us, Romanians, tried to conceive a beautiful future of our sister countries.

We present here a few facts concerning Professor’s Dumitru Botnaru life and
activity. He was born on October 13, 1946, in Donduseni (in the North of the actual
Republic of Moldova) as the youngest of 9 siblings. From his youth he loved both
Mathematics and Literature. He was reading classic literature, poetry and novels as
well. But the passion for Mathematics was stronger, and, in 1965, he became student
of the Faculty of Physics and Mathematics from the State Pedagogical University
“Alecu Russo” of Balti. Here he was designated as the best student of the Faculty
and was sent, in 1968, as a sign of recognition of his value, to continue his studies
in Moscow, in the renowned State Pedagogical University.

After graduation, between 1971 and 1973, he was Assistant Lecturer at the
Pedagogical University of Balti. Then he returned to Moscow, to the same
Pedagogical Institute, to pursue doctoral studies (1973-1976). His Doctoral
Supervisor was Professor Dmitrii Abrumovici Raicov, a known specialist in
Functional Analysis, and the title of his PhD Thesis was “Bicategorical Structures
and Pairs of Adjoint Subcategories”.

With his PhD Degree obtained in 1979 (a confirmation of his mathematical talent
and determination to work), Professor Dumitru Botnaru carried out his activity at
the Technical University of Moldova, from Chisinau, firstly as a Assistant Lecturer
(until 1981) then as a Senior Lecturer (1981-1982), then as an Associated Professor
(1982-2002) and, finally as Professor (2002-2016).
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In 1992 he became a Doctoral Supervisor, and had two PhD Students, that are
now Doctors in Mathematics Mrs. Olga Cerbu, Associate Professor at Moldova
State University, and Mrs. Alina Turcanu, Associate Professor at Technical
University of Moldova.

In 2001 he was awarded, by the “Viadimir Andruchievici” Institute of
Mathematics and Computer Science, of the Academy of Sciences of Republic of
Moldova, the title of Doctor Habilitate in the Sciences of Physics and Mathematics,
as a high recognition of his Scientific and Pedagogic activity. His Habilitation
Thesis was titled: “Local, Spectral, and Nuclear Dualities”, and was elaborated
under the guidance of Academician Mitrofan Choban (that was, for a long period,
Vice President of ROMALI).

Besides the Technical University of Moldova, Prof. Dr. Hab. Dumitru Botnaru,
also held courses at the Academy of Transport, Informatics and Communications,
and at the former State University of Tiraspol, displaced in Chisinau.

A brief history of his activity in Category Theory is presented in his own paper
“Factorization structures. History and Results” contained in this issue of ROMAI
Journal, pages 1-9.

His very fruitful mathematical activity resulted in a large number of scientific
papers published in Mathematical Journals, from which we cite below only some.

1. On generalized bicategory structures /| Dumitru Botnaru // Soviet
Mathematics. Doklady Akademii Nauk SSSR. — 1974. — Vol. 15, nr. 2. — P.
1562-1564.

2. Reflective subcategories and right bicategory structures / Dumitru
Botnaru // Soviet Mathematics. Doklady Akademii Nauk SSSR. — 1974. — Vol.
15, nr 6. — P. 1588-1596.

3. Quasi-identity and identity in the category of dynamics / Dumitru
Botnaru // Questions and Answers in General Topology. — 1990. — Vol. §, no 1.
—P. 19-32. — ISSN 0918-4732.

4. Categoria spatiilor A-vagi / Dumitru Botnaru // Buletin stiintific.
Seria : Matematica si Informaticd / Universitatea din Pitesti. — 1998. — Nr 2. —
P. 23-36. — ISSN 1453-116x.

S. Dualité locale et nucléaire / Dumitru Botnaru // Buletin stiintific.

Seria : Matematica si Informaticad / Universitatea din Pitesti. — 2000. — Nr 6. —
P. 37-58. — ISSN 1453-116x.
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6. Dualité locale / Dumitru Botnaru // Scientific Annals. Faculty of
Mathematics and Informatics, Moldova State University. — 2000. — Vol. 2, nr
1.—P. 66-84.

7. Equivalence des triplets dans la dualite locale / Dumitru Botnaru //
Analele stiintifice ale USM. Seria : Stiinte fizico-matematice. — Chisinau,
2001. —P. 19-23. — ISBN 9975-70-042-x.

8. Dualité spectrale. Le cas covariant / Dumitru Botnaru // Scripta
Scientiarum Mathematicarum : Scripta seminarii investigationum scientiae.
Topologiae Systematum Subtilium et Applicationum. — Chisindu : Tehnica-
Info, 2001. — Tomus 2, Fasciculus 1. — P. 199-221. — ISBN 9975-63-073-1.

9. The R - Perfect Morphismes / Dumitru Botnaru, Alina Turcanu // Acta
Universitatis Apulensis: Mathematics - Informatics / Universitatea ,,1
Decembrie 1918” din Alba Iulia. — 2004. — No 7. — P. 49-53. — ISSN 1582-
5329.

10. On Giraux subcategories in locally convex spaces / Dumitru
Botnaru, Alina Turcanu / ROMALI Journal. — 2005. — Vol. 1, no 1. — P. 7-30. —
ISSN 1841-5512.

11. Bicategory structures generated by injective spaces / Dumitru
Botnaru, Alina Turcanu, Olga Cerbu / ROMAI Journal. —2007. — Vol. 3, nr 2.
—P. 31-50. — ISSN 1841-5512.

12. Structures bicatégorielles complémentaires / Dumitru Botnaru //
ROMAI Journal. —2009. — Vol. 5, nr 2. — P. 5-27. — ISSN 1841-5512.

13. Semireflexive subcategories / Dumitru Botnaru, Olga Cerbu //
ROMAI Journal. —2009. — Vol. 5, nr 1. — P. 7-20. — ISSN 1841-5512.

14. The factorization of the right product of two subcategories / Dumitru
Botnaru, Alina Turcanu / ROMAI Journal. — 2010. — Vol. 6, nr 2. — P. 41-53. —
ISSN 1841-5512.

15. Structures bicatégorielles complémentaires / Dumitru Botnaru //
Revue Roumaine Mathématiques Pures et Appliquées. — 2010. — Tome LV, no
2.—P.97-119. — ISSN 0035-3965.

16. The Hewitt Spaces as Right Factorized Product of Two
Subcategories / Dumitru Botnaru, Alina Turcanu // Buletinul Institutului
Politehnic din lasi. Sectia: Matematicd. Mecanica teoreticd. Fizica. — 2011. —
Tomul LVII(LXI), Fasc. 1. — P. 37-46. — ISSN 1224-7863.



17. The Classes of Hereditary Morphisms and the Theory of Relative
Torsion / Dumitru Botnaru, Elena Baes // Buletinul Institutului Politehnic din
lasi. Sectia: Matematica. Mecanicd teoreticd. Fizica. — 2011. — Tomul
LVII(LXI), Fasc. 1. — P. 15-28. — ISSN 1224-7863.

18. Semireflexives Subcategories and the Right Product / Dumitru
Botnaru, Olga Cerbu // Buletinul Institutului Politehnic din Iasi. Sectia:
Matematica. Mecanica teoretica. Fizica. — 2011. — Tomul LVII(LXI), Fasc. 1.
—P. 29-35. — ISSN 1224-7863.

19. Categorial aspects of the semireflexivity /| Dumitru Botnaru, Olga
Cerbu // Buletinul Academiei de Stiinte a Republicii Moldova. Matematica. —
2011. —Nr 3(67). — P. 77-83. — ISSN 1024-7696.

20. Factorization structures with nonhereditary classe of projections /
Dumitru Botnaru, Elena Baes / ROMALI Journal. — 2012. — Vol. 8, nr 2. — P.
27-37. —ISSN 1841-5512.

21. On the right product of two subcategories / Dumitru Botnaru, Alina
Turcanu // ROMAI Journal. — 2016. — Vol. 12, no 2. — P. 9-18. — ISSN 1841-
5512.

22. Souscatégories ¥-semi-reflexives / Dumitru Botnaru // Acta et
Commentationes: Stiinte Exacte si ale Naturii. —2017. — Nr 2(4). — P. 11-34. —
ISSN 2537-6284.

23. Some properties of left product of two subcategories / Dumitru
Botnaru, Alina Turcanu // Acta et Commentationes: Stiinte Exacte si ale
Naturii. — 2017. — Nr 2(4). — P. 35-44. — ISSN 2537-6284.

24, The center of the lattice of factorization structures / Dumitru
Botnaru, Elena Baes // Buletinul Academiei se Stiinte a Republicii Moldova.
Matematica. — 2018. — Nr 1(86). — P. 50-66. — ISSN 1024-7696.

25. The cartesian product of two subcategories = Produsul cartezian a
doua subcategorii / Dumitru Botnaru, Olga Cerbu // Acta et commentationes:
Stiinte Exacte si ale Naturii. — 2018. — Nr 2(6). — P. 133-138. — ISSN 2537-
6284.

26. Noyaux des sous-catégories semi-réflexives / Dumitru Botnaru //
ROMALI Journal. — 2018. — Vol. 14, no 2. — P. 1-32. — ISSN 1841-5512.

27. Groupoid des sous-catégories ¥-semi-reflexives (The Groupoid of
Y-semireflexive subcategories) / Dumitru Botnaru // Revue Roumaine de
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Mathematiques Pures et Appliquees. — 2018. — Nr 1(63). — P. 61-71. — ISSN
0035-3965.

28. Couples des sous-catégories conjuguées /| Dumitru Botnaru //
ROMALI Journal. — 2018. — Vol. 14, no 1. — P. 23-41. — ISSN 1841-5512.

29. La classe des sous-catégories ¥ -semi-réflexives / Dumitru Botnaru
// ROMALI Journal. — 2020. — Vol. 16, no 1. — P. 19-36. — ISSN 1841-5512.

30. Couples des souscatégories bisemiréflexives et les théories de
torsion relative / Dumitru Botnaru // ROMAI Journal. — 2021. — Vol. 17, no 1.
—P. 29-39. — ISSN 1841-5512.

31. Variétés ¥-semi-réflexives /| Dumitru Botnaru / ROMAI Journal. —
2022.—-Vol. 18, no 2. — P. 57-71. — ISSN 1841-5512.

32. Commutative monoids of reflective functors / Dumitru Botnaru,
Alina Turcanu // ROMAI Journal. — 2022. — Vol. 18, no 2. — P. 73-80. — ISSN
1841-5512.

33. Certaines modalités pour définir les sous-catégories semi-
réflexives / Dumitru Botnaru / ROMAI Journal. — 2022. — Vol. 18, no 1. — P.
9-15. —ISSN 1841-5512.

34. On semireflexive subcategories / Dumitru Botnaru // Topology and
its Applications. — 2023. — Vol. 340 (1 December). — Article 108713. — ISSN
0166-8641. — E-ISSN1879-3207. DOI:
https://doi.org/10.1016/j.topol.2023.108713. — URL:
https://www.sciencedirect.com/science/article/abs/pii/S0166864123003061.

35. La catégorie des espaces RB-inductifs semi-reflexifs / Dumitru
Botnaru // ROMAI Jounal. —2023. — Vol. 19, no 1. — P. 63-71. — ISSN 1841-
5512.

In 2023, Professor Botnaru published a very comprehensive monograph
on Category Theory, written in Romanian:

Aspecte categoriale ale spatiilor topologice vectoriale : Subcategorii
semireflexive = Les aspectes catégoriels des espaces topologiques vectoriels :
Sous-catégories semi-reflexives / Dumitru Botnaru. — Chisindu : Stiinta, 2023.
— 484 p. — Bibliogr.: p. 467-472. — ISBN 978-9975-85-373-6
(https://www.romai.ro/src/library/Botnaru_monografie.pdf).
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Besides these scientific publications we must remind the great number of
communications at Conferences, and a number of 10 books, (and some articles)
for the undergraduate level (high-school and gymnasium).

Professor Dr. Habilitate Dumitru Botnaru is, now, at the beautiful age of 80.

In the name of all ROMAI members, we wish him to live many beautiful years,
in good health, and to enjoy the fruits of his work!

Anca-Veronica lon, Editor of ROMALI Journal

Alina Turcanu, Associate Professor, Technical University of Moldova
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the Hausdorff locally convex topological vector spaces.

2020 MSC: 46 M 15, 18 F 60.

1. INTRODUCTION

In 1967, I was a student at the University of Balti and, within the framework
of the national staff training program, I was transferred to the Moscow Peda-
gogical University. In Balti, my teacher was the Associate Professor Grigorie
Haimonovici Berman who had defended his thesis at the Moscow Pedagogical
University under Professor Dmitrii Abrumovici Raicov, a great specialist in
Functional Analysis. The thesis consisted in the construction and study of the
properties of some functors in the category of Banach spaces. He directed me
to attend the seminars of Professor D. Raicov, that held a theoretical course
and a seminar at which doctoral candidates and students presented papers.

Among the professors in Balti I would like to mention Professor Melihson, a
person with studies in France and who could orally cube a three-digit number
and do it faster than us students in the benches with a pen. In 1967, the
head of the Algebra Department of the Lomonosov University, A. Curos had
published in Uspehi Mat. Nauk. an extensive article on algebraic categories,
the first publication in Russian in the field of Category Theory.

Professor Raicov D. asked me if I knew Romanian. He was from Odessa
(born in 1910). So, he knew very well that Bessarabia was Romanian land.
The Faculty of Mathematics subscribed to both Romanian journals: Studis
gt Cercetart Matematice and Revue Roumaine de Mathématiques Pures et
Apliquées.

In the monograph of Prof. Cabiria Cazacu, when examining additive cate-
gories, the problem of connection morphism « appears for the first time.
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Let @ : X — Y be a morphism in an additive category with kernels and
cokernels. Then we have the following diagram.

o
Kera kero X y —coka Coka
cok kera ker cok a
Cok kero o Ker cok o

Romanian scientists Jurchescu M. and Lascu A., [4] examined the case when
@ is a bimorphism.

Professor D. Raicov proposed the following situation, which bears the name
of semiabelian category in the sense of Raicov [6]:

- € is a category with null object, finite projective and inductive limits;

- the class of kernels €¢(C) is stable on the right, that is, in any pushout
square a- 8/ = 8-/, if a € €¢(C), then also o/ € £,(C), and the class Coeq(C)
is stable on the left;

- for any morphism « € € the morphismis & is a bimorphism. There was
also an axiom, which allowed to prove that Hom(X,Y) is an abelian group.

A disciple of Professor Raicov proved that the category, let us note it CoV of
locally convex topological vector spaces Hausdorff, is a semiabelian category
in the Raicov sense. Thus the study of this category began.

The two Romanian scientists mentioned above also introduced the notions:
homotopic and cohomotopic with zero, an article published, firstly, in Roma-
nian and then in a German journal.

After I presented these notions at the seminar, Professor Raicov proposed
to simplify these notions in the following way [7]: A morphism « is considered
orthogonal from above to a morphism 8 and § orthogonal from below to « if
for any commutative square

voa=8-6

there exists its diagonal ¢ such that:
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For any class of morphisms A, the notations were introduced:

AT - all orthogonal morphisms from above to any morphism in A;

AL - all orthogonal morphisms from below to any morphism in A;

A'=EpinAT,

A- = MonoN A+,

I have observed that for any factorization structure (P,J) we have P = J°
and J = P-.

For right factorization structures (P,J) we have P =J" and J = P+.

For left factorization structures (P,J) we have P =J7 and J = P-.

I have formulated and demonstrated the following

Theorem. In a small locally and colocallly category with projective (re-
spectively inductive) limits for any class of epi A (respectively for any class
of mono A) the pair (A+7,AL), respectively (A", A'F), is a left (respectively
right) factorization structure. In particular, in a small locally and colocal cat-
egory with projective or inductive limits for any class of epi € and any class
of mono M the pairs (€17, €%), and (M, M “) form factorization structures.

Professor Raicov published this statement calling it the Kelly-Botnaru The-
orem. Mathematician Kelly proved this statement in the case when & = Epi
and M = Mono. Thus we began the study of factorization structures (initially
called bicategorial structures) in the category C'V.

2. FACTORIZATION STRUCTURES IN THE
CATEGORY e,V

The notion of factorization structure is closely related to that of reflective
subcategory.

Definition. Let A be a subcategory of the category C with the inclusion
functor i : A — C, which admits a left adjoint F : C — A.

- F(X) is called a free object over the object X with the adjunction morphism
wX 1 X — F(X).

- If A it is a full subcategory of the category C, then it is called a reflective
subcategory and w™ : X — F(X) is called a replica of the object X.

Definition. Let (P,J) be a right factorization structure and R be a reflective
subcategory of the category C. R is called P-reflective if for any object X € C
R-replica w™ : X — F(X) belongs to the class P.

Theorem (Kennison). Let C be a category with products, (P,J) a right
factorization structure. R is a P-reflective subcategory if and only if it is closed
under products and J-subojects.

It was quickly established that in the category €5V there is a proper class
(not a set) of reflective subcategories.
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The hypothesis was formulated: since the pair (€,,M,) = (surjective map-
pings, topological inclusions) is a factorization structure, the projection class
€y is left stable, if the pair of dual classes (€,,M,) is also a factorization
structure.Together with a colleague of mine, also a student, I described these
classes. The results were published in the Bulletin of the Institute of Mathe-
matics of the Academy of Sciences of the Republic of Moldova.

The monomorphism m : X — Y belongs to the class M,,, iff, any morphism
v: X — K (K - the field of real numbers) extends through m.

- The epimorphism e : X — Y of the class €, belongs to the class &, iff the
square

e-m* =mY -m(e)

mY ——me oy

X__ e Sy

is pullback, where m*X and mY are the f/[—coreplicas of the respective objectives
(M - the coreflective subcategory of spaces with Mackey topology).
-The pair (€,,M,,) represents a factorization structure in the category CoV.
Let f : X — Z be a morphism of the category CoV, f =i -p (Eu, Mp)-
factorization of f.

mX m(p) > mY
7
v._ .~
//
mX “ Y
A SOt n
u// N
// N
4 i
X D s Y s /2

We examine the J%—coreplicas of objects X and Y, then
p-mX =mY -m(p).
On the morphisms m* and m(p) construct the pullback square
X

u-m® =v-m(p).

Then
b= t- Uu,
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mY =+t-v

for un ¢t. From the last equality it follows that ¢ € &, N M,, and
f=G-t)-u

is the (&,, M,)-factorization of f.
The theorem below is also proved in an analogous way.

Theorem. ([2], Th. 6.6.9). For any nonzero reflective subcategory R of
the category CoV the class of factorization structures (P,J), for which R is P-
reflective, possesses the smallest element (P'(R), T (R)) and the largest element

(P7(R), T(R))-

The following theorems describe these factorization structures for both a
reflective and a coreflective subcategory.
Let R be nonzero reflective subcategory,

U(R) = {r¥: X = rX|X €|V},
V(R) = {vX :rX = 7X|X €|CV|},

where 7 : X — Il is the reflector functor and II is the subcategory of complete
spaces with weak topology. Then

T(R) = (UWR)), P(R) = ((R)) ",
PIR) = (V(R) 5 T"(R) = (PH(R))"~.

A special role in my research was played by semireflexive subcategories. My
monograph also has a subtitle ”Semireflexive subcategories”.

Let £ be a nonzero reflective subcategory (respectively K a coreflective sub-
category) with the reflector functor r : GV — R, (respectively the coreflective
functor k : €3V — XK. Let us denote

eR = {e € Epilr(e) € Iso},

uX = {m € Monolk(m) € Jso}.

The morphism e: X — Y € eR, iff e = f - rX for a morphism f.
The morphism m : X =Y € pX, iff m = k¥ - f for a morphism f.

Definition. Let £ be a reflective subcategory of the category CoV. The
subcategory R is called £-semireflexive, if it is closed with respect to eL-subjects
and eL-factorobjects.

If L1 C Lo then eLo C eLy. Thus, for L = CoV the L-semireflexive subcat-
egories are all saturated subcategories.

At first, S-semireflexive subcategories were defined and studied, where § is
the subcategory of spaces with weak topology.
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Berezenskii I. A. examined [1] the subcategory iR of inductively semireflex-
ive spaces and proved that it is an 8 -semireflexive subcategory.

At the same time, Brudovskii B. S. [3] proved that the subcategory Sh of
Schwartz spaces is also an 8 -semireflexive subcategory.

These were the first examples of semireflexive subcategories.

The subcategory II" of locally complete spaces [10] was studied by D. Raicov
[5] from whose results we deduce that this subcategory is S-semireflexive.

V. Sekovanov introduced the notion of B-inductive semireflexive space [8-9],
and then I proved that they form an 8-semireflexive subcategory.

An important role in my research was played by c-reflective subcategories
and their class Re.

Definition. Let £ be a reflective subcategory containing the subcategory S
of spaces with weak topology. It is called c-reflective if the reflective functor
r: CoV — R is exactly left.

Theorem. Let £ be a reflective subcategory and 8 C L. Then the reflective
functor r : CoV — R commutes with products.

Let M be the subcategory of spaces with Mackey topology with the core-
flective functor m : GV — M.

Theorem. Let £ be a reflective subcategory and & C L. L is a c-reflective
subcategory iff the class eR is left stable.

Thus if £ is c-reflective, then (eR, (eR)") is a left factorization structure.
Decomposing by this structure the M -coreplica of the object X,
X e
mX ! > kX g X

X
m

we obtain an (eR)-coreflective subcategory X and kX : kX — X its K-
coreplica. The respective functors k : G2V — K and [ : GV — L possess
the properties:

l-l~kl- ke~

Also,
(cR) = (uX).

Thus we have: The class Rec of c-reflective subcategories;

The class Kc of c-coreflective subcategories;

The class Pc of (K, L) pairs of conjugate subcategories, X € K., £ € R,
and puX = eL. These are proper classes and are isomorphic to each other.

The semireflective product is the notion that comes to explain the relations
between c-reflective and semireflective subcategories.
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Definition. Let £ and A be two subcategories and R € R. The object A €
CoV is called (L,A)-semireflective if its L-replica belongs to the subcategory
A.

We will denote by £ *g, A the full subcategory of all (£, A)-semireflective
objects. It is called the semireflective product of the subcategories £ and A.

Theorem. Let L € R, and R € R. Then £ x4 A is a L-semireflective
subcategory.

Thus if £ is a c-reflective subcategory, then the semireflective product Lx4.R
applies the class R to the class Ry, of L-semireflective subcategories.

R L sr > R .

Some operations on the classes R, and R have been defined and examined.

3. THE OPERATION p(£L,R)

Notations: Let £ and R € R be. Then p(£,R) is the full subcategory of all
objects X for which X =[X.

Theorem ([2],6.4.4). Let L € R.. Then p(L,R) is an L-semireflexive
subcategory.

CV=p(L,L)

[=p(£,3)
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4. THE COMMUTATIVE SEMIGROUP V,,

Notations: Let Bic be the class of all bicomplete classes of bimorphisms of
the category Ca2V, Vp, = {85(8)|B € Bic}.

Theorem ([2], 9.5.12). Consider V;, Vo € V,;, and V = V; N Vy-. Then
V € V,;, and for any object X € |C2V| we have: vX =V, vaX = vov1 X. Thus,

VUV = V1V = VV1.

So, in the class of reflector functors in V,;, the composition operation is
defined with the following properties:

- commutative

- associative

- with neutral element GV — Co'V.

It should be noted that out of about 20 disciples of D. Raicov, only I and the
Bulgarian Petru Kenderov were not Jews. P. Kenderov presented the theory
of locally convex topological vector spaces over the field of real numbers with
discrete topology. In the Soviet Union there was a rule - foreign doctoral
students for three years had to leave with defended theses. P. Kenderov then
became the director of the Institute of Mathematics of the Academy of Sciences
in Sofia.

Another example can be the attitude of academician Israil Turicovici Go-
hberg from Chisinau: I am preparing a Moldovan doctor, but, at the same
time, a Jew one.

In relation to factorization structures, I would mention the following prob-
lem that starts from some notions defined by academician M. Ciobanu in the
category of Tihonov spaces, where Th is the subcategory of Tihonov spaces:
subspaces of the space [0, 1]” or subspace of the space R” for a cardinal 7.

Definition. 1. The morphism f : (X,u) = (Y,v) € is called T-fine if for
any point yo € Y \ f(x) there is a family {G;|i € |M|}, | M| < T of open sets
in'Y such that from the fact that NG; # @ it follows that (NG;) N f(x) # @.

We denote F(7) the class of T-fine morphisms.

2. The morphism f : (X,u) — (Y,v) € Th is called T-closed if for any
point yo € Y\ f(x) there is a family {G;|i € |M|} of open sets in'Y such that
yo € NG; and (NG;) N f(x) # 2.

We denote F'(7) the class of T-closed topological inclusions.
Problem. For what cardinals 7 does the pair (F(7),5 (7)) form in the
category Th a factorization structure.
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Abstract Let € be an essentially small category and let B be a composition-stable class
of bimorphisms containing all isomorphisms. A full replete subcategory is
called B-semireflexive when it is closed both under B-subobjects and under
B-factorobjects. This paper develops a closure-theoretic description of such
subcategories and connects it with the theory of reflective and semireflexive
constructions. The operators assigning to a subcategory its B-subobjects and
its B-factorobjects are shown to be closure operators. The main result char-
acterises B-semireflexive subcategories as unions of connected components of
the undirected graph generated by B-morphisms. Consequently, the collection
of all B-semireflexive subcategories forms a complete atomic Boolean algebra,
and the least B-semireflexive subcategory containing a given class of objects
is obtained by finite B-zigzag saturation. The construction is invariant under
equivalences of categories and behaves contravariantly with respect to enlarge-
ment of the morphism class. For a reflective subcategory £, the theory is
applied to the class €; of epimorphisms inverted by the reflector, yielding a
component interpretation of L-semireflexivity and of a classical semireflexive-
product criterion. Examples from balanced categories and Hausdorff locally
convex spaces illustrate both trivial and genuinely nontrivial cases.

Keywords: bimorphism; semireflexive subcategory; reflective subcategory; closure opera-
tor; factorobject; subobject; categorical equivalence; locally convex space.
2020 MSC: Primary 18A20; Secondary 18A32, 18A40, 46A03.

1. INTRODUCTION

Reflective subcategories are among the most effective mechanisms for se-
lecting canonical objects inside a category. A reflector replaces an arbitrary
object by a universal approximation lying in a prescribed full subcategory, and
many familiar constructions—completion, separation, localisation, compacti-
fication, or algebraic reflection—fit this pattern. In categories of topological
vector spaces, however, the morphisms associated with a reflection frequently

11
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admit nontrivial factorizations. This leads naturally to intermediate classes of
objects and to closure conditions involving both subobjects and factorobjects.

The theory of semireflexive subcategories developed by Botnaru and Cerbu
arose from this interaction between reflections, classes of bimorphisms, and
locally convex spaces [3, 4, 5]. If £ is reflective and €, denotes the class of
epimorphisms transformed into isomorphisms by the reflector, a subcategory
is called L-semireflexive when it is closed with respect to eg-subobjects and
eg-factorobjects. This notion is categorical; it must not be confused with
the classical functional-analytic property that a locally convex space maps
surjectively onto its bidual. The terminology reflects a common structural
idea, but the objects being classified are subcategories rather than individual
spaces.

The purpose of the present paper is to isolate the part of the construc-
tion that depends only on a class B of bimorphisms. This abstraction has
three advantages. First, it separates the intrinsic closure mechanism from the
particular reflector producing the class 4. Second, it permits a direct lattice-
theoretic treatment. Third, it reveals that B-semireflexivity is controlled by a
simple but useful connectivity relation on objects.

The main contribution is the component theorem: a full replete subcate-
gory is B-semireflexive if and only if it is a union of connected components in
the undirected graph whose edges are the morphisms belonging to B. This re-
sult yields an explicit description of the least semireflexive closure, a complete
atomic Boolean algebra of semireflexive subcategories, a finite-zigzag member-
ship criterion, and an efficient procedure in finite categories. It also clarifies
why the theory is trivial in balanced categories for the class of all bimorphisms,
while it becomes nontrivial in the category of Hausdorff locally convex spaces.

The paper is organised as follows. Section 2 introduces the categorical set-
ting and the two basic closure operators. Section 3 proves the component
theorem and its lattice consequences. Section 4 studies changes of the bimor-
phism class and invariance under equivalence. Section 5 relates the abstract
theory to reflective subcategories and semireflexive products. Section 6 gives
representative examples, and Section 7 records the finite computational form
of the classification.

2. CATEGORICAL SETTING AND
ELEMENTARY CLOSURE OPERATORS

Throughout the paper, C is an essentially small category. This assumption
avoids set-theoretic difficulties when speaking about the lattice of full replete
subcategories. The results remain valid relative to a fixed Grothendieck uni-
verse.



B-Semireflexive Subcategories: Closure Theory, Component Decomposition,... 13

A morphism is a bimorphism when it is simultaneously a monomorphism
and an epimorphism. The category C is balanced if every bimorphism is an
isomorphism. We fix a class

B C Bim(€) = Mono(€C) N Epi(C)
subject to the following two standing assumptions:
1 Iso(€) C B;
2 B is closed under composition.

The class B need not be closed under taking formal inverses, because a bimor-
phism need not be invertible.

Let Sub(€) denote the poset of full replete subcategories of C, ordered by
inclusion. Repleteness means closure under isomorphism and ensures that the
definitions below depend only on categorical objects, not on chosen represen-
tatives.

Definition 2.1. For A € Sub(C) define:

Sp(A) ={X € €| there exist Ac A andb: X — A in B},
Qz(A) ={Y € C| there exist A€ A andb: A—Y in B}.

Both expressions denote the full replete subcategories generated by the displayed
objects. Objects in Su(A) are called B-subobjects of objects of A, while objects
in Qp(A) are called B-factorobjects of objects of A.

The notation agrees with the subobject and factorobject operators used in
the semireflexive-subcategory literature [3, 6]. Notice that the same morphism
b: X — Y simultaneously presents X as a B-subobject of Y and Y as a B-
factorobject of X.

Proposition 2.1. The maps Sg, Qg : Sub(C) — Sub(C) are closure operators:
they are extensive, monotone, and idempotent.

Proof. Because identity morphisms belong to B, every object of A is both a
B-subobject and a B-factorobject of itself; hence A C Sp(A) and A C Qz(A).
Monotonicity follows immediately from the definitions.

Suppose X € Sp(Sp(A)). Then there are morphisms b; : X — Y and
by : Y — Ain B, with A € A. By composition stability, bob; € B, so X €
Sg(A). The reverse inclusion follows from extensivity, proving idempotence.
The argument for Q3 is dual: if A - Y — Z are in B, their composite belongs
to B. 1

Definition 2.2. A full replete subcategory A C C is called B-semireflexive if
Sp(A) =A=Qz(A).
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FEquivalently, A is closed under both B-subobjects and B-factorobjects.

Thus B-semireflexive subcategories are the common fixed points of two
closure operators. The following basic consequence will be refined in
Section 3.

Proposition 2.2. Arbitrary intersections of B-semireflexive subcategories are
B-semireflexive. Consequently, every A € Sub(C) is contained in a least
B-semireflexive subcategory.

Proof. Let (A;)icr be B-semireflexive and set A = (;c; A Ifb: X = Y
belongs to B and Y € A, then Y € A; for every i, so X € A; for every i
because each A; is closed under B-subobjects. Hence X € A. Closure under
B-factorobjects is analogous. The least semireflexive subcategory containing
a given A is the intersection of all semireflexive subcategories containing it. i

3. THE COMPONENT THEOREM

The two closure conditions in Definition 2.3 imply that membership in a
semireflexive subcategory is invariant along every B-morphism, independently
of its direction. This observation leads to a complete classification.

Let I'z(C) be the undirected graph whose vertices are the isomorphism
classes of objects of €. Two vertices [X] and [Y] are joined by an edge whenever
there is a morphism X — Y in B or a morphism Y — X in B. Because all
isomorphisms lie in B, this graph is independent of the chosen representatives.
Write

X ~pY

when [X] and [Y] belong to the same connected component of I'g(C). Equiv-
alently, there is a finite zigzag

X=X9g & b X1 &by - &b, X;,=Y, biEB, (1)
where each arrow may point in either direction.

Theorem 3.1 (Component theorem). For a full replete subcategory A C C,
the following conditions are equivalent:

1 A is B-semireflexive;
2 foreveryb: X —Y in B, one has X € A if and only if Y € A;

8 A is a union of ~g-equivalence classes, or equivalently a union of con-
nected components of I'g(C).

Proof. Assume (i), and let b : X — Y be in B. If X € A, closure under
B-factorobjects gives Y € A. If Y € A, closure under B-subobjects gives
X € A. Hence (ii) holds.
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Condition (ii) propagates membership along each edge of I'g(C), and there-
fore along every finite zigzag of the form (1); this proves (iii).

Finally, assume (iii). If b: X — Y lies in B, then X ~g Y. Hence Y € A
implies X € A, so Sz(A) C A, and X € A implies Y € A, so Qz(A) C A.
Extensivity of the two operators gives the reverse inclusions. Therefore A is
B-semireflexive. I

The theorem transforms a pair of closure conditions into a component-
selection problem. Let
72 (€) = Ob(€)/~n
denote the set of B-components, understood up to isomorphism.

Corollary 3.1. The poset SR (C) of all B-semireflexive full replete subcate-
gories is canonically isomorphic to the powerset Boolean algebra

P(r5(C)).

In particular, SRg(C) is a complete atomic Boolean algebra. Its atoms are the
full replete subcategories generated by individual B-components.

Proof. By Theorem 3.1, a B-semireflexive subcategory is uniquely determined
by the set of components it contains, and every set of components determines
such a subcategory. Inclusion, intersection, union, and complement correspond
to the Boolean operations in the powerset. I

This Boolean structure is stronger than the complete-lattice conclusion ob-
tained merely from intersections. In particular, joins are ordinary unions,
because a union of component-saturated classes is again component-saturated.

Definition 3.1. For A € Sub(C) define its B-semireflexive closure by
Lg(A)={X €€C|X ~g A for some A€ A}.

Corollary 3.2. The subcategory Lg(A) is the least B-semireflexive subcate-
gory containing A. Moreover,

Ly(A) = (J Ls({A)),

A€Ob(A)

so the closure operator Lg preserves arbitrary unions and is generated by sin-
gleton closures.

Proof. The displayed class is a union of all components meeting A, hence it
is semireflexive by Theorem 3.1. Any semireflexive subcategory containing A
must contain every component meeting A, so it contains L3 (A). The second
assertion is immediate from the definition. g
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Remark 3.1. One may attempt to construct the least semireflexive closure
by alternating the two operators Sg and Qp. The component formula is more
precise: an object belongs to Ly (A) exactly when it can be reached from A
by a finite sequence of applications of Sg and Qu. No transfinite iteration is
required.

4. CHANGE OF THE BIMORPHISM CLASS AND
CATEGORICAL INVARIANCE

Semireflexivity depends on the selected class of bimorphisms. Enlarging
that class creates more edges, merges components, and imposes stronger clo-
sure conditions.

Proposition 4.1 (Monotonicity). Let B; C By C Bim(C) satisfy the standing
assumptions. Then

SRp,(C) C SRe,(€) and Lg,(A) C Lg,(A)
for every full replete subcategory A.

Proof. Every Bi-edge is a Bo-edge, so every Bi-component is contained in
a Bo-component. A union of Bs-components is therefore a union of Bi-
components, proving the first inclusion by Theorem 3.1. The second inclusion
follows from the component description of closure.

The next result shows that B-semireflexivity is genuinely categorical rather
than presentation-dependent.

Theorem 4.1 (Invariance under equivalence). Let F': € —ID be an equiva-
lence of essentially small categories. Let F'B be the replete class of morphisms
of D isomorphic in the arrow category to images F(b) with b € B. Then F'B
18 a composition-stable class of bimorphisms containing all isomorphisms, and
F induces a Boolean-algebra isomorphism

SR3(C) = SRpsD).

Furthermore,
F(Lg(A)) = Lpg(F(A)).

Proof. Equivalences preserve and reflect monomorphisms, epimorphisms, iso-
morphisms, and composition. Hence F'B has the stated properties. The func-
tor F' identifies isomorphism classes of objects and carries B-edges to F'B-
edges. A quasi-inverse carries F'B-edges back to B-edges. Therefore F' induces
a bijection between the component sets 7 (C) and 75 ®([D). The conclusion
follows from Corollary3.1 and Corollary3.2. §
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In applications, the class B is often specified by a generating family rather
than listed in full.

Proposition 4.2. Let G be any class of bimorphisms, and let (G) be the small-
est class containing G and all isomorphisms and closed under composition.
Then the connected components of I'igy(C) are evactly the connected compo-
nents of the undirected graph generated by the morphisms in G.

Proof. Every G-edge is an (G)-edge. Conversely, a morphism in () is a finite
composite of morphisms from § and isomorphisms. Its domain and codomain
are therefore connected by a finite zigzag of §-morphisms. Thus the two graphs
have the same connected components.

This result is useful when B is produced by units of reflections, completion
morphisms, dense embeddings, or a factorisation system: semireflexive closure
depends only on the undirected reachability generated by those morphisms.

5. REFLECTIVE SUBCATEGORIES AND
SEMIREFLEXIVE PRODUCTS

We now connect the preceding construction with the reflective setting in
which semireflexive subcategories were originally studied. Let £ be a reflective
full replete subcategory of C, with reflector

0:C6— L
and unit £x : X — £X. Following the established notation, define
er ={e € Epi(C) | £(e) € Iso(L)}. (2)

In categories of Hausdorff locally convex spaces considered in [3, 4, 6], the
relevant classes €, consist of bimorphisms under the stated hypotheses. In the
remainder of this section, we assume that €, contains all isomorphisms and is
closed under composition, so it may play the role of B.

Definition 5.1. A full replete subcategory A is L-semireflexive when it is
closed under e -subobjects and e -factorobjects; equivalently, when it is eg-
semireflexive in the sense of Definition 2.2.

The component theorem immediately yields a classification that does not
appear explicitly in the definition.

Corollary 5.1 (Reflector-component criterion). A full replete subcategory A
is L-semireflexive if and only if it is a union of connected components of the
graph generated by the epimorphisms inverted by .

Proof. Apply Theorem 3.1 to B=c¢g. I
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This statement separates two kinds of information. The reflector deter-
mines which epimorphisms become isomorphisms; graph connectivity then
determines all L-semireflexive subcategories.

We also recall the semireflexive product. If £ is reflective and A is a full
subcategory of C, define

LxgA={XecC|tX cAl (3)

Thus an object is (£, A)-semireflexive when its L-reflection lies in A. The
construction and its applications to locally convex spaces were developed in
3, 6].

A classical criterion states that, for reflective subcategories R and £ in the
setting of the cited theory,

R=LxygR <= Ris L-semireflexive. (4)
Combining this criterion with Corollary 5.1 gives the following reformulation.

Corollary 5.2 (Component form of the semireflexive-product criterion). Un-
der the hypotheses for which (4) holds, the following are equivalent for a re-
flective subcategory R:

1 R=L X4 R;
2 R is eg-semireflexive;
8 R is a union of e-components.

Proof. The equivalence of (i) and (ii) is the semireflexive-product criterion
from [4, 6]. The equivalence of (ii) and (iii) is Theorem 3.1. &

The corollary turns a universal-property statement involving a reflector into
an objectwise saturation condition. It may therefore be useful in examples
where the class € is easier to recognise than the whole semireflexive product.

6. EXAMPLES
6.1. BALANCED CATEGORIES

Example 1. Let C be balanced and take B = Bim(C). Then B = Iso(C).
Every connected component of I'z(C) consists of a single isomorphism class,
and every full replete subcategory of C is B-semireflexive.

This example shows that nontrivial semireflexive behaviour requires either
a nonbalanced ambient category or a specially chosen class of morphisms that
connects distinct isomorphism classes. Categories of sets, groups, modules,
and many algebraic varieties are balanced, so the class of all bimorphisms
yields no additional closure there. A reflector-specific class £, may nevertheless
remain meaningful if it is not simply the class of all bimorphisms.
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6.2. HAUSDORFF LOCALLY CONVEX SPACES

Let LCSy denote the category of Hausdorff locally convex spaces and con-
tinuous linear maps. In this category, injective maps are monomorphisms and
maps with dense range are epimorphisms; the interaction of such morphisms
with reflective subcategories is central in the semireflexive literature [8, 11, 3].

Example 2. The canonical inclusion
jilt—

is continuous because ||x||2 < ||z||y for x € £1. It is injective, and its image is
dense in £ because the finitely supported sequences lie in £ and are dense in
(2. Therefore j is a bimorphism in LCSg, but it is not an isomorphism. For
B = Bim(LCSy), any B-semireflezive subcategory contains ¢* if and only if
it contains (2.

Example 3 (Completion components). Let Ty be the reflective subcategory of
complete Hausdorff locally convex spaces, with completion reflector ~v. For a
Hausdorff locally convex space X, the unit

'yX:X—>)?

is an injective map with dense image. Moreover, applying completion to vy
yields an isomorphism. Hence vy € er, in the standard completion setting.
It follows from Corollary 5.1 that every I'o-semireflexive subcategory contains
X if and only if it contains its completion X.

This example explains categorically why semireflexive closure often groups
an incomplete space together with a canonical completion. More generally,
whenever a reflection unit belongs to the chosen bimorphism class, the original
object and its reflection lie in the same component.

6.3. DEPENDENCE ON THE CHOSEN CLASS

Example 6.1. In LCSy, let By = Iso(LCSyy) and let By be the composition-
stable class generated by all completion embeddings. Then every full replete
subcategory is Bi-semireflexive, whereas a Ba-semireflevive subcategory must
be saturated under passage between X and X. Since By C Bs, Proposition 4.1
gives

SRa, (LCSy) C SRy, (LCSy).

Thus the choice of B controls the resolution at which subcategories can distin-
guish objects.
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7. FINITE CATEGORIES AND EFFECTIVE
CLASSIFICATION

When € has finitely many isomorphism classes of objects and B is explicitly
given, the component theorem gives a direct algorithm for enumerating all B-
semireflexive subcategories.

Construct an undirected graph with one vertex for each isomorphism class
and an edge between [X] and [Y] whenever a B-morphism connects represen-
tatives in either direction. Compute its connected components by depth-first
search, breadth-first search, or a disjoint-set data structure.

Proposition 7.1. Suppose I'g(C) has k connected components. Then C has
exactly 2F full replete B-semireflexive subcategories. If A is a class of objects,
its semireflexive closure is the union of precisely those components meeting A.

Proof. The statement is an immediate consequence of the Boolean-algebra
isomorphism in Corollary 3.1 and the closure formula in Corollary 3.2. 1

This finite form is particularly useful for small categories arising from dia-
grams, finite model classes, or computer-assisted exploration. The categorical
problem reduces to graph connectivity; no repeated verification of subobject
and factorobject conditions is needed once the components have been com-
puted.

8. FURTHER STRUCTURAL CONSEQUENCES

The component description yields several additional observations.

Proposition 8.1. A nonempty B-semireflexive subcategory A is an atom of
SRz (C) if and only if any two objects of A are connected by a finite B-zigzag.

Proof. Atoms of the powerset algebra in Corollary 3.1 are singleton sets of
components. Translating back to subcategories gives the assertion. I

Proposition 8.2. Let F': € =D be a functor such that F(B) C &, where & is
a composition-stable class of bimorphisms inID containing all isomorphisms.
Then F sends each B-component into a single E-component. Consequently,

F(£5(A)) € Le(F(A)).

Proof. The image of a finite B-zigzag is a finite £-zigzag. Hence B-connected
objects have E-connected images. The closure inclusion follows. I

Unlike Theorem 4.1, the inclusion may be strict because a general functor
need not reflect connectivity. This distinction is relevant when comparing
semireflexive structures across forgetful functors or embeddings of categories.



B-Semireflexive Subcategories: Closure Theory, Component Decomposition,... 21

Remark 8.1. The theory depends only on the symmetric reachability relation
generated by B, not on the orientation or internal factorisation of individual
morphisms. Reflective information enters through the selection of €5; once
that class is fized, all semireflexive subcategories are determined by its compo-
nents. This division suggests a two-stage research strategy: first identify the
morphisms inverted by the reflector, then analyse their connectivity.

9. CONCLUSIONS AND OPEN DIRECTIONS

We have developed a general closure theory for subcategories that are si-
multaneously closed under subobjects and factorobjects determined by a class
B of bimorphisms. The subobject and factorobject assignments are closure
operators, but their common fixed points admit a substantially sharper de-
scription: they are exactly unions of connected components generated by B-
morphisms. This yields a complete atomic Boolean algebra of B-semireflexive
subcategories and an explicit finite-zigzag formula for semireflexive closure.

The component viewpoint is stable under equivalence of categories and
makes the dependence on the morphism class transparent. In balanced cate-
gories, the class of all bimorphisms produces only isomorphism components,
so every full replete subcategory is semireflexive. In the nonbalanced category
of Hausdorff locally convex spaces, dense linear embeddings create larger com-
ponents and nontrivial closure conditions. For reflective subcategories, taking
B = e converts L-semireflexivity into saturation under morphisms inverted
by the reflector and gives a component form of the semireflexive-product cri-
terion.

Several questions remain relevant for the category of Hausdorff locally con-
vex spaces. One may seek explicit descriptions of the e;-components as-
sociated with classical reflectors, determine when these components admit
canonical representatives, and study how component partitions change under
inclusion, intersection, or semireflexive products of reflective subcategories.
Another direction is the interaction with factorisation systems: stability un-
der pullbacks, pushouts, or products may impose additional structure on the
component Boolean algebra. Finally, finite or finitely presented categorical
models invite computational implementations of semireflexive saturation and
comparison of reflector-generated morphism classes.
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Abstract

Let € be a small, locally and colocally category with products, (P,7J) a fac-
torization structure in category €, R a P-reflective subcategory and B - an
J-cogenerator of the subcategory R. For every object X we study two ordered
structures: the class P(X) of P-morphisms p : X — Y with Y € |R]|, and
the class 8(X) of saturated subsets of C(X, B). We prove that, under the cer-
tain conditions PS (for any morphism p : X — Z € P and any morphism
f:Y — Z € C there exists the pushout square built on these morphisms) or
PD (for any morphism p: Z — X € P and any morphism f : Z — Y € C there
exists the pullback square built on these morphisms), both are complete lat-
tices and that the assignments X — P(X) and X — 8(X) extend to covariant
functors F, 8§ : € — Lat, as well as to contravariant functors F¢, 8¢ : € — Lat.
The main results establish that the functorial morphisms a: 8 - &, 8 : F — §
and their contravariant analogues @ : 8 — F° and 3 : ¢ — 8¢ are mutually in-
verse, yielding functorial isomorphisms F = § and F¢ & 8§°. Thus, the reflective
quotients admit two equivalent descriptions: an external one, by morphisms
of the class P, and an internal one, by saturated families of morphisms into
the cogenerator B. Examples in the categories of sets, zero-dimensional spaces
and Tikhonov spaces illustrate the results.

Keywords: factorization structure, reflective subcategory, cogenerator, complete lattice,

functorial isomorphism, saturated set.
2020 MSC: 46 M 15, 18 F 60.

1.

THE COVARIANT FUNCTOR ¥F: € — Lat

1.1. Standing assumptions on the category C:

- € - a small locally and colocally category with products;

- (P,7) - the factorization structure in category C;

- R - the P-reflective subcategory in category C;

- B - an J-cogenerator to the subcategory R: R C 8;(B7|7 - a cardinal).

In some statements we will assume that one of the following two conditions

holds:

PS - for any morphism p: X — Z € P and any morphism f:Y — Z € C
there exists the pushout square built on these morphisms;

23
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PD - for any morphism p: Z — X € P and any morphism f: Z — Y € €
there exists the pullback square built on these morphisms.

Remark. 1. The conditions PS and PD do not always hold. For example,
in the category of Tikhonov spaces Th, let f : X — Y be an epi for which
f(X)#Y,andg: F =Y and g(F) € f(X), where F is the space of a point.
Then in the category of sets the pushout square constructed on the morphisms
(f,9g) is the set @ with the mappings @ : & — X, @ : & — Y. In the category
Th the pushout square does not exist.

2. In concrete categories, if P C &, where &, is the class of surjective
morphisms, the conditions PS and PD hold.

1.2. Let F be the final object of the category € (as the product of an
empty set of objects) and f¥ : X — F the unique morphism from X to F.

Definition. The morphism g : X — Y is called constant if

X — & 5y

g=u-f*
for a morphism u: F —Y.

We denote by Const(X,Y) the set of all constant morphisms from the object
X into the object Y.

A category is called connex if Hom(X,Y') # @ for any of its objects X and
Y

For X € |C| we denote by P(X) the class of all morphisms p: X — Y that
belong to the class P and Y € |R|.

1.3. Lemma. Let C be a connez category. Then P(X) is a complete lattice
with the smallest element fX : X — F and the largest element r~ : X — rX.

In a connex category f¥ is retractible, and any morphism ¢ : F — X is
sectionable: fX.g=1. Thus fX € P and F € |R|. Hence fX € P(X).

Now let {po : X — Y,|a € A} be a family of elements of the set P(X),
Y =[[{Ya]o € A} with the canonical projections {g, : Y — Yo}, w: X =Y
the canonical morphism with the properties

Qa'w:pmaeﬂv

and



On the Functorial Isomorphism between the Lattices of P-quotients... 25

the (P, J)-factorization of w:

Z —————————- > Y
N A
| s
: W///
P e q,
] 7
| //
7
v
P
X _____ C__> Y,

Since Y € |R| and i € 7, it follows that Z € |R|. It is easy to verify that
p = sup{pa,a € A}.

1.4. The ordered set P(X).

1. Let 7 : X — X be an R -replica of the object X. Then r¥ is the largest
element of the ordered set P(X).

2. Let p: X =Y ePandr’ : Y = rY be an R -replica of Y. Then
rY . peP(X).

1.5. Lemma. Let the category C possess the properties PS and PD. Then
P(X) is a complete lattice.

Proof. Min(pi,p2). Let p1: X — X1 and p2 : X — X2 be elements of the set
P(X),

Py p1L=p)-p2
the pullback square built on the morphisms p; and ps

X P, X,
l
I
p, | P,
|
Yoo P Yy

Y 1Y — 7Y Rereplica of Y. Then py, po € P and 7Y - ph - p1 = min(p1, p2).
Sup(p1,p2). Let us return to the previous diagram. Let

Py Py =1y Py
the pushout square built on the morphisms p} and p). Then
p1=Dpi "y,

p2=ph-u
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for some u. Let
U=1-p

the (P, J)-factorization of the respective morphism and r” : T — T be the R
-replica of T'. Since X, X5 € |R|, we deduce that

/I T
p1-t=v1-71,

/) T
Pyl =70y T
for two morphisms v; and ve. Then
P
X X,
N
NS 4
\\ \\\ //’ /71
< -
N \\\ u /// //
p \\ \\\ v] /// //
\\ S~o /,’ //
« ~ _-
T \\\\ _- S
S ~—_ -~ P
1 T~ //>\\\ ’ /
P, . ~=<Z’ ~< e P,
. ol _- Te.ly B ,
! Pis P
U - -
v - _--
// /’
rT _--
/ 7
v -
2 ¢ - ,
’ _-
’ _-
7’ P
14/ - p/
yzae
X ! Y
_ T
pr=v1-7 -p,
T

p2=1v2-7" -p

and rT - p € P(X) that p > py, p > pa. One verifies that p = sup(p1, p2). §

1.6. The functor F : € — Lat. On objects F(X) = P(X) for X € |C|. Let
u: X — Y. On the morphisms u and 7% we construct the pullback squares:
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u
X > Y
r t
Y / v T

o) / )

v

[
[
v
A u 7’ v >rT/
Let v: X — A € F(X). Define

Fu)(v) =rT -t -t.

Proposition. Let the category C possess the property PD and
f:X =Y € C. Then F(f) preserves the maximal element of the lattice
F(X): F(H(rX) =Y.

Proof. Let rX : X — rX and r¥ : Y — 7Y be the R-replicas of the respective
objects, and

[l = f,
the pullback square built on the morphisms 7% and f. Then
() X = f
Thus
r(f)=t-f',
Y =t-p.

for a morphism ¢ : T'— rY . From the previous equality it follows that t € Epi
and it is easy to verify that ¢ is the R-replica of the object T. So

F(H)rt=t-p =rY.
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X i > Y
I
I
I 7’
X :p/
I
!
/ v
7 ————f ————— > T ———-=-—-——- t;Y
__________ r(f)_ -7

Consider f: X =Y, g:Y = Zandp: X = A € F(X).

We construct the pullback squares:

on the morphisms p and f - f' -p=19p’ - f, (1)
on the morphisms p’ and g- ¢ -p' =p" - g, (2)
on the morphisms 7 and ¢’ - ¢" -r1 =77 -4/, (3)

where r1 : P; — rP; is the R-replica of the object Pj.
Further, let o : P, — rP, and 73 : P3 — 7P3 be the R-replicas of the
respective objects. Then
ro-¢ =u-r, (4)
for a morphism w. Since (3) is a pullback square, from equality (4) it follows
that there exists a morphism wu; : P3 — rP» such that

ro = uy -7, (5)

u=1uy-g". (6)
Further,

Uy = u2 - 73. (7)

The morphism 73 - 7} extends by the morphism 7:

r3T] =0 TY. (8)
We have
v-ug-rs-ry = (from(7)) = v-uy-r] = (from(5)) = v-ro = (from(8)) = r3-r}

i.e.
v up-rg-rl =731l (9)

Since r3 - 7} is an epi, we obtain
V-U2 = f (10)
From (5) we have u; € P, and from (7) - ug € P. So

uy = v, (11)
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or
ry-ry-p ~ry-p. (12)

We have
@ f)p=0"(9-)

is the pullback square built on the morphisms ¢ - f and p, and
g" - (r-p)=(r1-p") g

is the pullback square built on the morphisms r1 - p’ and g. So

Flg- f)p) =r2-p",

and
F() (T () =F(g)(r1-p) =73 -7y -p".

Taking into account (12) we can say that

Fg-f)=3(9)-F(f)-

X L Y E z
i i
I , 1
P :p :p//
! 1
| 1
v / v
A____Ji/_ _____ > P, ____g_ ______ > R,—r;)rpzs\
I 1 1A S
: o’ : 1 SN
7z 1 \\
r :r,/ fl,/// v: :MZ \\
I PR 1 !
\L -7 \;I,' /I
1 - 1
I‘f’, _____ & s P, ’j—f>’”f?g ’////
\\\\ —————————— Li ————————— -
|
2. THE CONTRAVARIANT FUNCTOR
FC:C = Lat

On objects, this functor is defined in the same way as the covariant functor

F:

Fo(X) = F(X), X € |e].

Let us define the functor ¢ on morphisms. Let f : X — Y € € and
p:Y =T P T c|R| be. We examine the (P, J)-factorization of morphism
p-f:

p-f=1i-p1.
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y—L——r
| |

| |

|

1 P, :p
| |

| |
24 . 24
Kool > 7

Then p; € P and since T' € |R| and R is P-reflective, we deduce that K € |R].
Thus p; € F¢(X). By definition we establish:

F(f)(p) = p1.
Let f: X Y eCandg:Y — Z,pe F(Z), and

X f S Y g > Z
|
. l
| |
| P, | P, p
|
. l
Vv ; N\ .
Apm e m 2 >A, S 5 > T
p-g=11-D1,
p1 - f =12 pa.

(P, J)-factorization of respective morphisms. Then
p-(g-f) = (ir-i2) - p2
is the (P, J)-factorization of morphism p- (g - f). Thus
Fg- £)p) = p2,

and
FN (9 p) = F(f)p1) = p2.
So
Fg- f)=9°(f) - Fg)

3. THE COVARIANT FUNCTOR 8: € — Lat

3.1. Let U C C(X, B) and let w' : X — B be the canonical morphism

with the property

f=qp - wt



On the Functorial Isomorphism between the Lattices of P-quotients... 31

for any f € U, where gy is the canonical projection.

We examine the (P,J)-factorization of this morphism:

U ‘U

X L > t(U) >B

For p : X — Y € P we denote by Extp(p) the set of all morphisms
f: X — B extending through p. Thus with the notations above we have:

U c Extp(ph).

Definition. The set U C C(X, B) is called saturated, if t(U) € |R| and
U = Extp(pY).
By definition let S(X) be the class of all saturated sets in C(X,B), and

P(X) the class of all morphisms p : X — Y belonging to the class P and
Y € |R|.

3.2. Theorem. Let X be an object of the category C.
1. Const(X, B) is the smallest element of the set S(X).
2. Let category C be connex. If U = Const(X, B), then pt = fX.

Proof. 1. Let V C S(X) be and we will demonstrate that Const(X, B) C V.
Forg: X — BeVlet

g=h-f~.

We have the following diagram:
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g >
(V) Jxt
7
//’ .
p‘U Wv/// :fB
Ve |
// |
. |
-, X
o S L h B
\&_/
Then
Voo,
fX _ fB . ZV . pV
or

g=(h-f%)=f"-i"-p"
and since V is a saturated set, we deduce that g € V. Thus we have proved
that Const(X,B) C V,if V € S(X).

2. Let us check that pt' = fX for U = Const(X, B).

>

Q

o

e———————

Let g € U. Then

g:lg'fX

for a morphism /,. There is a morphism d" such that:

ly = q, - dY,

where g4 are the canonical projections. Since the category € is connex, X s
rectactable and [, is sectionable. Thus fXeP db e, and

wu — du . fX
is the (P, J)-factorization of the morphism w'. We mention that F € |R|. 1

3.3. Definition. Let M be a class of mono of the category € and A a
subcategory of it. The object Z is called an M-cogenerator for the subcategory
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A, if every element of it is an M-subobject of an object of type Z7, where T is
a cardinal:

A C 8y{Z7|T — cardinal}.

Examples. 1. D = {0,1} is an My -cogenerator for the subcategories of
zero-dimensional and compact spaces.

2. D = {0, 1} is an M, -cogenerator for the subcategory of zero-dimensional
spaces.

3. I =[0,1] and R (the set of real numbers) is an My -cogenerator and an
M, -cogenerator for the subcategory Comp of compact spaces.

4. I =10,1] and R is an M, -cogenerator for the subcategory Q of Hewitt
spaces.

3.4. Let B € |R| and B be J-cogenerators for the subcategory
R: R C Sg{B7|T — cardinal}. Further,p: X - A€ P, A€ |R|, U= Extp(p),
and

wh =t pt (13)
is the (P,J)-factorization of the canonical morphism w' : X — BU.

Theorem. Let (P,J) be a factorization structure in the category C, B
an J-cogenerator of the reflective subcategory R, ¢ : X — Y € 8(X) and
U = Extp(q). Then the factorobjects p and p% are isomorphic: q ~ ptets(@),

Proof. Let ¢, : B4 — B be a canonical projection. Then ¢, - w! € U. So
Go - W' = 54 - p(Var) (14)
for an s,. Thus
S0 = (oS (15)

for an s. We have

Ga-s:p = (from(15)) = sa-p = (from(14)) = gu-w' = (from(15)) = ga-i p,

i.e.
Qo 5D =qa- it p¥, (Va),
or
s-p=it.pt. (16)

Since p € P and i% € J (p L i) there exists a diagonal h : A — t(U) with the
properties:
pt=h-p, (17)

s=il. h.
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Further, since A € |R|, there exists a morphism i : A — B” € J. Let
mg : BT — B be a canonical projection. Then mg-i-p € U and there exists
a canonical projection ng : BY — B such that

mg-i-p=ng-wt (18)
Then there exists the morphism m : ¢(U) — B” such that
ng - it = mg - m. (19)
We have
mpg - i-p=(from(18)) = ng-i" - p* = (from(19)) = mg - m - p*,

ie.
mg -i-p=mg-m-p", (V5)
or

with p* € P and i € J (p% L 4). Therefore

p=Fk-p", (20)
i-k=m
Finally
k-h-p=(from(17)) = k- p%* = (from(20)) = p,
i.e.
k-h-p=p,
or
k-h=1
Also
h-k 'pu = (from(20)) = h-p = (from(17)) = pu,
i.e.
hek-pt=pt,
or
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‘s /
P h,- / l

|
N 7/ |
1
|

;N ng ' (To

I
I

I

l

> B
U

Thus we have proved that k = A~ and p ~ p¥. &

3.5. Theorem. Let B be an J-cogenerator of the subcategory R. Then:

1. S(X) is a complete lattice for any object X of the category C.
2. The map S is a covariant functor S : € — Lat.

Proof. 1. Let {Uy|a € A} be a family of elements of the set S(X),

ioy - P = Wi

the (P, J)-factorization of respective morphisms, where

- Uy
X pa > Zo. d >B
If Z=1[{Za|la € A}, then
X === >y
LS !
1 \\\ : X
Dy | J 1t
| \\ I
I N :
v Sy v
L > Z
Pa _QOz'f
for a morphism f. Let
f=ip

35

(21)

(22)
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the (P, J)-factorization of the morphism f. Thus

P > pa(Va)

If W = Extp(p), then Uy, C U (Vo). Let us verify that U = sup{Uq|a € A}.
Let V € S(X) and U, C V (Va) be. Furthermore, let

m-l=w"

the (P, J)-factorization of respective morphisms. Because U, C V

i - Pa = Go M -1

/
X —> (V)
b h--- - -7 ///
-F-" 277
ye--"" -7/
e // m
// 4
Ve /
-7 //
1 7
R // BQJ
g Soty [
ke ,/ :
AN P // 18 o
\\ o /7 |
ULAN ,/ I
N v I
N \ i v‘lla
Z = > B
for a morphism g,, with [ € P and i, € J. Then
Do = Sa - 1, (23)
oM =g - So(Var)
for a morphism s,. In turn
Sa = ¢o - s(Vav). (24)

We have
G- s+ 1= (from(24)) = so -1 = (from(23)) = pa = (from(21)) = qa - f =

= (from(22)) = qa - i-p,
i.e.
oS- l=qq-1-p,(Va)
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or
with [ € P and i € J (I L 7). Therefore

for a morphism h.
From Theorem 3.4 it follows that V = Extp (1), and similarly U = Extp(p),
and from the equality (25) we have U C V.

2. Let f: X =Y eCand U e S(X).
On the morphisms f and p! we will construct the pullback square

pef=rfph
f
X Y
p"u p/
/ rT
t‘w) ' T rT

By definition we establish
S(HU) = Eatp(rT ).
By virtue of Theorem 3.4 Extg(r’ -p') € S(Y). B

Theorem. Let the category C have the property PD. Then the map
S : C — Lat can be defined on the morphisms of the category € such that S
becomes a covariant functor S : C — Lat.

Proof. Let
X ! > Y £ >/
It is sufficient to verify that S(g- f) = S(g) - S(f). Thus let U € S(X)
pef=ret
pg=4-p

the pullback squares built on morphisms f, p% and g, p'.
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g
X ! Y z
| 1
| 1
u b, !
P | P tp”
! 1
! 1
/ v / v
»
(W I A S > T rT,
_Tg A
ll vV, _~- /;7 1
T : ””V /// 1
1 - 1
r _-" /':/ V) :I”(t)
,,” | s 1
- | // I
P v T: Vi
- i3 T
0 > T ri;

Further, ™t : Ty — T4, r’2 : Ty — Ty and 713 : T3 — rT3 are the R-replicas

of the respective objects, where
g”-?“Tl :t'gl
is the pullback square built on 7t and ¢’. Thus
rls .t = r(t) - rle,

The morphism 7’2 - ¢ extends through the R-replica of the object T}:

T

r2-g':v1-rT2.

Since (26) is a pullback square, we have

r12 =y - t,

Ul — UQ . g//
for a morphism vo. Then the morphism vy extends through 773:

UQZ’U'TT3.

We have

v-r(t)-r’2 = (from(27)) = v-r’® -t = (from(29)) = vo-t = (from(28)) =

i.e.
ver(t)- r2 = pT2

or,
v-r(t) =1.

Also

r(t) -0t = (from(29)) = r(t) vz -t = (from(28)) = r(t) -+ =

(26)

(27)

(29)

rl2 ,

(30)
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= (from(27)) = r1s g,

i.e.
r(t)-v-rT3 =71

In the pullback square (26), 7/t € P, so t € P. Thus r’3 -t € P, and
r(t)-v=1. (31)
From the formulas (30) and (31) it follows that
r(t) =v L

Finally
S(g- [)(W) = Eatp(r™ - p"),
since
¢ f)-p=1p"(g-f)

is the pullback square built on pY¥, ¢ - f.

On the other hand,

S(@)(S(H(W) = S(g)(Extp(r™ - p)) = (because ptetaC#) = 4T ' by
virtue of Theorem 3.4.) = Extp(r’s -t -p") = Extp(r’z - p").

Thus we have proved that

S(g-f)=15(9)-S(f))-n

4. THE CONTRAVARIANT FUNCTOR
8¢ :C — Lat.

4.1. On objects, this functor operates in the same way as the functor
8:€C— Lat:

8¢X) ={U c C(X, B)|Wissaturated}.

Let f: X »Y €€ Ue 8 (Y) and

(P, J)-factorization of the canonical morphism w' : Y — BY. Further, let
plf=ip (32)
(P, J)-factorization of the morphism p' - f, and
V= Extp(p).
Also, let be
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(P, J)-factorization of the morphism w” : X — BY.
We define

8°(f)(W) = Extp(p).
Theorem. With the above notations the P-factorobjects p and pV are
isomorphic: p ~ p’, and V € 8(X). In particular 8¢(f)(U) € 8§(X). -

Proof. For any canonical projection ¢, : BY — B the morphism ¢, -i%-i-p € V.
Thus

Qo w' - f =ta - w", (Vo) (33)
for a morphism t, : BY — B, and
ta = qa - 91, (34)
for a morphism ¢ : BY — BY. We have
Qo w' - [ = (from(33)) = to - w" = (from(34)) = ga - g1 - w"

i.e.

u

o - W 'f:(Ioz'gl‘wv

or
wu'f:gl'wva
VooV
g1+’ -p’ =t pte f,

with p” € P and % € J (p' Li%). Thus we have the diagonal g : t(V) — t(U)
with the properties:

gr-i’ =i go,
Pt f=g2-p". (35)
From (35) and (32) we have
i-p=g2-p",

with p¥ € P and i € J (p" L3).
There exists diagonal g, : (V) — A with properties

92:’5.'937

p=gs-p’ (36)
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Further, for a canonical projection tg : BY — B the morphism g+ w’ eV,
ie. tg- w” extends through p:

to-w’ = hgp (37)

with hg : A — B. Then
hg=tg-h (38)

fora h: A— BY. We have

tg-i" - p" =tg-w’ = (from(37)) = hg-p= (from(38)) = tg-h-p

ie.
tg-i'-p’ =tg-h-p
or
iV p’=h-p (39)
with p € P and i¥ € J (pLi¥). We have diagonal [ : A — (V)
p’=1-p,
i’ 1=h. (40)

Thus

iV-1-g3:p” = (from(40)) = h-gs-p’ = (from(36)) = h-p = (from(39)) =i"-p",
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ie.
iVologg-p'=i"p,
or
l- gs = 1.

From (36) we deduce that g3 € P, therefore g3 = h~!. Thus we have demon-
strated that V = Extg(p¥) and

8°(f)(U) € 8°(X).

Let
X A > Y £ >7
U € 8¢(2),
wlt = U U
pog=i1-p,
p1-f =12 po,

the (P, J)-factorization of respective morphisms. Then
P (g f) = (in-i2) - po,

is the (P,J)-factorization of the morphism p¥ - (g - f). Thus
8%(g - f)(W) = Extp(p2)

Further
SUf)(8(g) (W) = 8°(f)(Extp(p1)) = Extp(p2).

8(g - (W) = 8°(f)(8(g)(W))
g

S
\;\
~

M e mmmm e
K\’:B
<________
3
NN
’Uﬁ

or 8(g - f) =8(f)-89) u
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5. THE FUNCTORIAL MORPHISMS o :8 — F
AND 3: F = 8.

5.1. The functorial morphisms o : 8 -+ F

As in paragraph 3, we will assume that B is an J-cogenerator of the sub-
category R: R C 84{B"|r — cardinal}. Let X € |€| and U € §(X). We
define:

o () = pt, (41)

where

wit = . pU

is the (P, J)-factorization of the canonical morphism
wh s X — BOEB),

Let us verify that « is a functorial morphism. Let f: X — Y € €, U € §(X)
and

pf=fpt
the pullback squares built on morphisms p! and f.
"
P L P’
G VI A >Z - rZ
Then
8(f(W) = Eatp(r? - p) (42)
and
FHEYH =r7-p (43)
Thus
F(F)a* (W) = (from(41)) = F(f)(p") = (from(43)) = r7 - p'
i.e.
F(H X W) =r7-p. (44)
Also

oY (S(F)(W) = (from(42)) = a¥ (Extp(r?4)) = (from(41)) = ptats(r?+)
= (according to Theorem 3.4.) = r% . p/,
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ie.
o (8(HW) =r7-p'. (45)
From the (44) and (45) formulas it follows that

or

500 S S(V)
l l
ol o
| |
1 1
1 1
v - v
5(X)_____f_02___>g(y)

5.2. The functorial morphisms 5 : F — S.

Consider X € |C],p: X - A€ F(X)and f: X =Y € C.
We note

5% (p) = extp(p). (46)
We have
F(p)=r7-p, (47)
where
p-f=1fp
is the pullback squares built on morphisms p and f.
X A > ¥
l
I
P \ D’
|
/ v 7
Ao >7Z i 517

We have

BYI() ) = (from(d7)) = ¥ (r7 - p) = (from(46)) = Extp(r” - p)

i.e.

BY(F(N)p)) = Eatp(r? - ). (48)
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Also
S(£)(BX(p)) = (from(46)) = 8(f)(Extp(p)) = (according to Theorem 3.4)
= Extp(r? -p), ie.

8(/)(B* () = Eatp(r? - p') (49)
where
fopt=pf
Because
U = Extp(p)
and
Pt ~p.

Thus, by virtue of formulas (48) and (49), we have:

BTN P) = 8(H)(BF (p))

or

BY-T(f) =8(f)- B~

5.3. Theorem. Let B be an J-cogenerator of the subcategory R. Then
the covariant functors & : € — Lat and § : € — Lat are isomorphic, the
isomorphism being given by: a:F — 8, f:8 = F.

Proof. B-a =1. Consider X € |C] and U € §(X). Then
BX(aX(U)) = (from(41)p.5.1.) = BX(pu) = (from(46)p.5.2.) = E:UtB(pu) =1U.

The last equality is written by virtue of the definition of the saturated set
(Definition 3.1).

a-f=1 Let X € |Cand ¢: X - A € F(X) be.

Then by Theorem 3.1. we have:

X (85 (q)) = (from(46)p.5.2.) = oX (Extp(q)) = (from(41)p.5.1.) =
pgﬂﬂtB(‘I) =q. 1

6. THE FUNCTORIAL MORPHISMS @ : 8¢ — F€
AND B : ¢ — 8°,

6.1. The functorial morphism @« : 8¢ — F°.
Consider X € |€| and U € 8¢(X). We note:

where
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is the (P, J)-factorization of the canonical morphism
wh . X — BOXB),

Let us verify that @ is a functorial morphism. Let be f : X — Y € C,
U e 8¢(Y),
ptef=ip

the P, J-factorization of respective morphism and

V = Extp(p).
By Theorem 4.1. p ~ p”.
X A > ¥
P’ P
t(V) ! > (W)
We have:
a* (8 (W) =p" =a* (V) =p,
Also, by p.2.1,

Ff) @ (W) = F(H ") = p.

Thus, we have demonstrated that

a (8°(f) = F(f)@”).

s—30 5
o o
F(Y) 5O . %

6.2. The functorial morphisms 5 : F¢ — 8.
For ¢ € F¢(X) we note
=X
B (q) = Eatp(q). (51)
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Let f: X — Y and ¢ € F4Y) be.

hWe have B (F°(f)(g)) = (see p2.1)= B (p1) = (from(1)) = Extp(p1),

q- f =11 - Dp1,
is the (P, J)-factorization of the morphism ¢ - f (see 4.1).

F FHD 550
B B
S((Y) S(ﬁ >S ‘(){)

Also $¢(f)(B" (q)) = (from(51)) = 8°(f)(Extp(q)) = (because pErts(@) ~ q)

= Extp(p1).

6.3. Theorem. Let B be an J-cogenerator of the subcategory R. Then
the functorial morphisms & : 8¢ — F¢ and B : F¢ — 8¢ establish a functorial
isomorphism.

Proof. B-a=1. Let X € |€| and U € 8¢(X) be. We have

Y@ W) = (from(50)p.6.1.) = B (p%) = (from(51)p.6.2.) = Extp(p) = U,

(see definitions 4.1 and 6.1.)
aX -BX =1. Let ¢ € 3°(X) be.
Then:

a* (8" (q)) = a* (Eatp(q)) = (from(50)p.6.1.) = p",

where
u_ U U

wh =i -p
is the (P,J)-factorization of the canonical morphism wY. Since B is an J-
cogenerator of the subcategory R, then, by Theorem 3.4 p% ~ ¢. &

7. CONCLUSIONS.

The paper establishes a complete dictionary between two descriptions of the
reflective quotients relative to the P-reflective subcategory R with J-cogenerator
B. On the one hand, the lattice P(X) = F(X) of P-morphisms into R; on the
other, the lattice $(X) of saturated subsets of C(X, B).
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The main theorems prove that: - both assignments are complete lattices
under the hypotheses PS and PD (Lemmas 1.3, 1.5 and Theorem 3.5);

- both extend to covariant functors F, § : € — Lat and to contravariant
functors F¢, 8¢: € — Lat ;

- the natural transformations «, 8 (Theorem 5.3) and @, 3 (Theorem 6.3)
are reciprocal inverse, so that F & § and F¢ = 8¢ functorially. An essential role
is played by the orthogonality P_LJ, which produces all diagonal morphisms
in the proofs, and the cogenerating property of B, which guarantees that sat-
urated families of maps into B separate exactly the reflective quotients. As
the examples show, the framework simultaneously covers the lattice of parti-
tions of a set, Boolean algebras of clopen sets in zero-dimensional spaces and
function-algebra descriptions of compactifications, suggesting further applica-
tions to other reflective subcategories of topological and algebraic categories.
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Abstract  Here we study the univariate and multivariate quantitative approximation by
infinitely many concrete and different multi-composite Kantorovich-Choquet
type quasi-interpolation neural network operators with respect to supremum
norm. This is achieved with rates via the first univariate and multivariate
moduli of continuity. We approximate continuous and bounded non-negative
functions on RY, N € N. When they are also uniformly continuous we have
pointwise and uniform convergences, plus L, estimates. Our multi-composite
activation functions are formed by 7 specific known sigmoid functions.

Keywords: multi-composite specific sigmoid activation functions, quasi-interpolation neu-
ral network approximation, multi-composite Kantorovich-Choquet type operators.
2020 MSC: 41A17, 41A25, 41A30, 41A35.

1. INTRODUCTION

Multi-composition of activation functions refers to the technique of
chaining, mixing, or stacking multiple activation functions, either in sequence
or in parallel (concatenation) to create more complex, flexible, and often train-
able non-linearities in neural networks. Instead of using a single activation (like
ReLU) throughout the network, this approach leverages multiple functions to
improve performance, enhance model expressiveness, and optimize learning.

Types of Activation Composition

m Sequential Composition: Applying one activation function after an-
other (e.g., f(g(x))). A recent development includes ”PolyCom” (Poly-
nomial Composition), which combines polynomial functions with others
like ReLLU to accelerate convergence and improve accuracy. Another
example is compounding functions to create ”"normalized cusp neural
network operators”, which can reduce infinite domains to compact sup-
ports, enhancing approximation capabilities.

49
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Parallel Composition (Concatenation): Computing the outputs of
different activation functions (f1 (), fo(x),...) for the same input and
concatenating them into a single vector. This allows the network to
utilize multiple non-linearities at once.

Dynamic Activation Composition (Dyn): A technique that uses
learnable, normalized convex combinations of basis activation functions.
This allows the network to adaptively "mix” activations during training,
enhancing model adaptability and performance.

Multivariate/Multi-dimensional Activations: Moving beyond sim-
ple scalar functions to functions that take multiple inputs and produce
multiple outputs (e.g., generalizing ReLU to a Second-Order Cone pro-
jection). These approaches are shown to have higher expressive power
than traditional single-input, single-output activations.

Advantages and Applications

Increased Expressiveness: Complex compositions allow networks to
learn more intricate patterns and handle non-linearly separable data
more effectively.

Improved Accuracy: Studies have shown that combining different ac-
tivation functions can lead to better performance compared to using a
single standard activation, particularly for less predictable data distri-
butions.

Faster Convergence: Certain compositions, such as multi-kernel ac-
tivation functions (multi-KAF) or dynamic mixtures, can help models
convergence faster by better adapting to the data.

Controlled Output Range: Composing functions can limit the out-
put to specific, desirable ranges, which helps in focusing on important
information and filtering out noise.

Better Gradient Flow: Some compositions, such as concatenating
Swish and Tanh, can provide paths with non-zero derivatives, helping to
mitigate vanishing gradient problems.

Key research Findings

Flexibility: research indicates that compositing activation functions -
such as using a ”cusp” function (a composition of two functions) - results
in more flexible and powerful neural networks.

Learned Activations: Instead of manually selecting the composition,
techniques like ”Trainable Adaptive Activation Function Structure
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(TAAFS)” learn the optimal combination of activation functions dur-
ing training.

= Efficiency Concerns: While composing functions can improve accu-
racy, it may add to the computational load. However, the performance
gains often justify the added complexity.

This approach is increasingly being explored to improve the performance
of deep learning models, inclusing Transformers and Large Language Models
(LLMs).

The author in [1] and [2], see Chapters 2-5, was the first to establish neural
network approximations to continuous functions with rates by very specifically
defined neural network operators of Cardaliaguet-Euvrard and ”Squashing”
types, by employing the modulus of continuity of the engaged function or its
high order derivative, and producing very tight Jackson type inequalities. He
treats there both the univariate and multivariate cases. The defining these
operators ”bell-shaped” and ”squashing” functions are assumed to be of com-
pact support. Also in [2] he gives the Nth order asymptotic expansion for the
error of weak approximation of these two operators to a special natural class
of smooth functions, see Chapters 4-5 there.

The author inspired by [8], continued his studies on neural networks approx-
imation by introducing and using the proper quasi-interpolation operators of
sigmoidal and hyperbolic tangent type which resulted into [2] - [6], [37], by
treating both the univariate and multivariate cases. He did also the corre-
sponding fractional case [3, 6].

The author here performs infinitely many multi-composite univariate and
multivariate specific and concrete sigmoid activation functions relied neural
network approximations to continuous non-negative functions over the whole
RN, N € N, then he extends his results to complex valued functions. L, ap-
proximations are also included. All convergences here are with rates expressed
via the modulus of continuity of the involved function and given by very tight
Jackson type inequalities.

The author comes up with the ”right” precisely defined flexible model of
quasi-interpolation, Kantorovich-Choquet type integral coefficient neural net-
works operators associated with: multi-composite 7 specific sigmoid activation
functions. In preparation to prove our results we establish important proper-
ties of the multi-composite specific density functions defining our operators.

Feed-forward neural networks (FNNs) with one hidden layer, the only type
of networks we deal with in this work, are mathematically expressed as

N, (2) :cha((aj'@ﬂ-bj), reR® seN,
=0
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where for 0 < j < n, b; € R are the thresholds, a; € R® are the connection
weights, ¢; € R are the coefficients, (a; - z) is the inner product of a; and z,
and o is the activation function of the network. About neural networks in
general read [10], [11], [14]-[16]. For recent related works see [17]-[36].

2. FOUNDATIONS
We need

Definition 2.1. ([6],p.530) The general sigmoid activation functions we deal
with here are described as follows h : R — [—1,1], strictly increasing h (0) = 0,
h(—x)=—h(z), z € R, h(4+00) =1, h(—o0) = —1. Also h is striclty convex
over (—00,0] and strictly concave over [0, 400), with h®) € C (R).

More precisely we will deal with the following sigmoid activartion functions
which possess all of the above properties: the algebraic activation function,

xT

gl(x):W,meN,xeR, (1)

(see [37], pp. 2-3);
the normalized and parametrized arctangent

2 dz

TAT
2 € 2
Zpan(0) =2 [T erase
g2 () —arctan ( Sz /0 22 x € > (2)

(see [6], p.p. 156-157);
the normalized and parametrized Gudermannian function

93 () = %gd(/\l’) = 2 arcten <tanh (?))

s
2 [ dt 4 [ dt
mJo cosht @ /[y e+e”
where .
t
gd(x) == /0 i 2 arctan (tanh (g)) , VaeR,

is the Gudermannian function (see [6], p. 198-199);
the parametrized error function

2 (M e
g4 (z) =erfiz = / e dt, reR,\>0, (4)
VT Jo

(see [6], pp. 226-227);
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the parametrized hyperbolic tangent function

Az -z 2z
e —e e -1
g5 (x) = tanh \x = v = o 1

1— 6—2/\;1:

:m7 SU>O,>\>0, (5)
(see [6], p. 72);

for small 0 < A < 1, tanh Az is expected to behave better than ReLu and
Leaky ReLu activation functions;

the parametrized hyoerbolic tangent like activation function,

A/\x _ Af)\:z:

g6 (x)
(see [6], pp. 262-263);
finally, the S-parametrized half hyperbolic tangent function

1—e P2

= [ oFe 8>0VzeR, (7)

g7 (x)
(see [6], p. 509-510).
So, we denote them by g; (z), x e R, i=1,2,...,7.

Here we deal with the specific sequences of activation functions (hy) ,

r € N, ¢ € N, such that all hlm € G :=1{91,92,93, 94,95, g6, g7} - That is hlm
for different ¢ € N could be identical, » € N.
Therefore in the sequences of activation functions hgr),hg), ..., we allow

(r)

random repetitions. Thus any two random h,; ’ activarion functions are not
necessarily different, but all belong to G. Call H (r) = {hY), hgr), } , T €N

and by Q := {H ™) allreN } For simplicity next we can consider such a
sequence {hy, ho,...}.

Notice here 0 < h; (1) < 1,7 =1,2,.... Any composition hjohgohso...ohy
is meant to be h1|[,171} o h2|[,1’1} o h3|[,1’1} o0...0 h)x—l’[fl,l] ohyx, A € N, and
for convenience, we denote it by G := hj; o hg o hg o ... o hy. We have for
any A € N: 0 < hy(1) <1, hence 0 < hy_1(hx(1)) < hy—1(1) <1, and
0 <hyr—a(ha1(hra(1)) <hr2(hr-1(1)) <hy2(1) <1

Inductively we derive that 0 < G5 (1) <1,V A e N.

Clearly, it us G (0) = 0 and G is strictly increasing over R. Furthermore
it holds

G (=) = h1 (ha (k3 (.. (ha1 (ha (=2)))))) = ha (he (k3 (... (ha-1 (=ha (2))))))
=..=—h (hg (hg ( (h)\_l (h)\ (x)))))) = —G) ($) , T €R.
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Clearly it holds Gg\Q) e C(R).
We notice that

G (+00) = hy (ha (h3 (... (ha1 (ha (+00)))))) =

hi (ha (h3 (... (ha—1(1))))) = Ga-1 (1), (8)

and
G (—00) = h1 (h2 (h3 (.. (ha—1 (ha (=00)))))) = h1 (h2 (hs (... (ha-1(=1)))))
= —hy (h2 (h3 (... (ha=1(1))))) = —Ga—1 (1). 9)

Consequently, it holds
-Gyt (1) < Gy (SU) < Gyr_q (1) , VxeR. (10)

Thus, y = £Gx_1 (1) are asymptotes of G (x), any A € N.
Next we act over (—o00,0] : let A\,u > 0: A+ p = 1. Then by convexity of
ho there we have

ha (Ax + py) < Aha (x) + pho (y), V z,y € (—o0,0];

and
hi (he (Az + py)) < by (Ahe (2) + phe (y)) <

A(hyohg)(z) + p(hioh2)(y), Vo, ye€ (—o0,0 (11)

So that hj o hg is convex over (—oo,0].
Now we work on [0,400) : let A\,x > 0: A+ p = 1. Then by concavity of
ho there we have

hy (Az + py) > Aho (z) + pho (y), ¥ 2,y € [0,400);

and
hi (he (Az + py)) > hy (A (z) + phe (y)) >

A(hiohg) (z) + p(hiohs) (y), Vo, y€|0,400). (12)

Thus, hy o hg is concave over [0, +00).

Therefore Go = hy o ho is a general sigmoid activation function with asymp-
totes y = £hy (1), and fulfilling the rest of conditions of Definition 2.1.

Arguing as above hyohs : R — [—1, 1], fulfills Definition 2.1, and hy o hgo hg
does the same with asymptotes h = £h; (ha (1)).

Inductively, we prove that G fulfills Definition 2.1 with asymptotes y =
G- (1).

We have established the following:
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Theorem 2.1. Let r,\ € N. Then Gg\r) = hY) o hér) o hgr) 0..0 hg\r) Sulfill all

the properties of Definition 2.1 with asymptotes y = :I:Gg\r_)1 (1). That is Gg\r)

are multi-composite general sigmoid activation functions from R — [—1,1].

(r)
Corollary 2.1. (;<€+(1) fulfill Definition 2.1 with asymptotes y = £1.
A—1

We call .
G\ = ((j)ik (13)
G2, (1)

Remark 2.1. Next we consider the functions

T 1 ~(r ~(r
T\ () ;ZZ(GQ@H)_GQ@—Q) >0, VeeR, nAeN.  (14)

We observe that

T L/~ ~(r
T (~2) = 7 (GV (=e+1) =& (=e - 1)) =
Liam o 1y am _loam, A(r) _
(@@= -V @) =1 (-6 -1+ GV @+ D) =
(15)
1/~ T ~(r r
7 (Gg><x+1>_cg><x_1>) =7 (2).
That s Tf\r) are even functions,
T)(\r) (—x) = Ty) (), YzeR, r,AeN. (16)
We see that )
N 6
7" (0) = A (17)
Let x > 1, we have that
r 1 ~(r ~(r
T (@) = 7 (G @+ 1) -GV (@ - 1) <0,

by éf\r)/ being strictly decreasing over [0, +00).
Let now 0 < z < 1, thenl—2 >0 and 0 <1 —2 < 1+ x. It holds
Gg\r), (x—1) = Gg\r)/ (1—2x)> Gg\r)/ (x 4+ 1), so that again T)(\T)/ (x) < 0. Con-

(r)

sequently T)\T is strictly decreasing on (0,4+00) .

Clearly, Ty) is strictly increasing on (—o0,0), and Ty)/ (0) =0.
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Observe that

B O IR W 1o _ A _
im 7 (2) = £ (G (+00) = G (+0)) =0,
and .
lim Ty (z):z(c@ (—o0) — G (—oo)) =0, rAeN.

That is the x-axis is the horizontal asymptote on T;\r).

As a result T)(\r) is a bell shaped symmetric function with maximum

ay (1)
S

7" (0) =

We need
Theorem 2.2. It holds
S 1V (@—i)=1, Ve eR rAeN
Proof. As similar to [6], p. 286 is omitted. I
Theorem 2.3. We have that

/ Ty) (x)dz =1, r,AeN.

—00

Proof. As similar to [6], p. 287, it is omitted. I

So that T’ ;\r) () can serve as a density function in general.
We need

Theorem 2.4. ([7]) Let 0 < a < 1, and n € N with n'=* > 2. Then

Z Ty) (nx —k) < (1 — é(;) (nlfa - 2)) )
k=—-
Cnx — k| > ntte

and

lim (163 (7= 2)) =0,

n—-+00

(18)

(19)

(20)

(22)

(23)

(24)

Denote by |-| the integral part of the number and by [-] the ceiling of the

number.
We also need
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Theorem 2.5. Let x € [a,b] C R and n € N so that [na| < |nb]. It holds

= < . , Vzela,bl; mAeN. (25)
S T (e — k) T (1)
Proof. As similar to [6], p. 289 is omitted. N
Remark 2.2. We have that
) nb] -
Jim. Z T, (nx —k)#1; r,AeN, (26)
k=[na]

for at least some x € [a,b].
See [6], p. 290, same reasoning.

For large enough n we always obtain [na] < |nb|. Also a < % < b, iff
[na] <k < |nb]. In general it holds (by (21))

[nb)
Z T)(\T) (nx—k) <1. (27)

k=[na]
We make
Remark 2.3. We define

N
2&” (1, .0y zy) = 2}(\@ (x) == HT)ET) (z:), = (x1,...,an5) €RY, 1\, N € N.

(28)
It has the properties:
(i) .
27 (@) >0, vz eRY, (29)
(ii)
S Z0@-k= Y > Y 2V (a1 kreay — k) =
k=—0c0 ki=—oc0c ko=—0c0 kny=—o0
00 00 00 N N [e's) ”
k1=—0c0 ko=—00 kn=—001=1 i=1 \k;=—o0
Hence
Z Z (x—k)=1, r,AeN. (30)

k=—o00
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That is
(iii)
Z /Z\E\T) (nz —k)=1, Yo eRY; r, A, neN. (31)
k=—o0
And
(i)
N
/ Z" (x dm—/ (HT‘” (z:) ) dzy..dzy _H(/ " (:cz)dmz) 29, (32)
RN i=1 0o
thus
/ 20 (z)da = 1, (33)
RN
that is /Z\/(\T) 1s a multivariate density function, r, A € N,

Here denote © = (x1,...,2n), ||lz|l = max {|z1],...,|zn|}, z € RY, also
set oo = (00,...,00), —00 = (—00,...,—00) upon the multivariate context,
0<pB<1,

(v) We have

Z Z/(\T)(nx—k): Z Z (HT (nxz; — Z>—
_ k1=—cc kn=—00 \i=1
= —o0
L >-L1
Lo el
N o0

H Z T)(\r) (nx; — ki) | < (for somer e{l,..,N})

i=1

i=1 \kj=—00
i#r ’ k, = —o0
n T nb
(34)
00 00 23
Z T)(\ ) (nz, — ky) = Z 7" (nz, — ky) b
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1- GO (n*ﬁ - 2) .

That s
S 2 (nz— k) <1- G (nl—ﬂ - 2) . (35)
{ k=—-
15— 2l > 7

0<pf<l,r,AneN:n"P>2 Ve Hfil [a;, b;] .
Denote by
O (B,n) i=1- G (w7 -2), raeN, (36)

0<pB<l1.
For f € Cf (RY) (continuous and bounded functions from RY into R ),
we define the first modulus of continuity

w1 (f,0) == sup |f(x) = f ), h>0. (37)
z,y € RN
[z =yl < h

Given that f € C'[J]r (RN ) (uniformly continuous from RY into R, same defi-
nition for wy), we have that

limws (f,h) = 0. (38)

When N = 1, wy is defined as in (37) with ||-||, collapsing to |-| and has the
property (38).
3. BACKGROUND

3.1.  DESCRIPTION OF CHOQUET INTEGRAL
(19])

We set:

Definition 3.1. Consider Q # @ and let C be a o-algebra of subsets in (2.

(i) (see, e.g., [33], p. 63) The set function p : C — [0,+00] is called a
monotone set function (or capacity) if (@) = 0 and p(A) < p(B) for all
A, B € C, with A C B. Also, u is called submodular if

w(AUB)+u(ANB) <u(A)+p(B), forall A,B € C.

o is called bounded if j1 (2) < 400 and normalized if p (Q) = 1.
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(ii) (see, e.g., [33], p. 233) If u is a monotone set function on C and if
f:Q = R is C-measurable (that is, for any Borel subset B C R it follows
f~1(B) € €), the for any A € C, the Choquet integral is defined by

+o0 0
0

(C)/Afduz/ M(Fﬁ(f)ﬂA)dBJr/ e (Fs (/) 1 A) — 1 (A)] B,

—00

where we used the notation Fg (f) = {w € Q: f(w) > B}. Notice that if f >0

on A, then in the above formula we get ffoo =0.
The integrals on the right-hand side are the usual Riemann integral.
The function f will be called Choquet integrable on A if (C) [, fdu € R.

Next we list some well known properties of the Choquet integral.

Remark 3.1. If u: C — [0,400] is a monotone set function, then the follow-
ing properties hold:

(i) For all a > 0 we have (C) [yafdu = a-(C) [, fdu (if f >0 then see,
e.g., [33], Theorem 11.2, (5), p. 228 and if f is arbitrary sign, then see, e.g.,
[12], p. 64, Proposition 5.1, (ii)).

(ii) For all ¢ € R and f of arbitrary sign, we have (see, e.g., [33], pp.
232-233, or [12], p. 65) (C) [, (f +¢)du=(C) [, fdu+c-pu(A).

If u is submodular too, then for all f, g of arbitrary sign and lower bounded,
we have (see, e.q., [12], p. 75, Theorem 6.3)

©) /A (f +9)du < (C) /A fdu+ (C) /A gd.

(i) If f < g on A then (C) [, fdu < (C) [, gdu (see, e.g., [33], p. 228,
Theorem 11.2, (3) if f,g >0 and p. 232 if f,g are of arbitrary sign).

(w) Let f > 0. If A C B then (C) [, fdu < (C) [5 fdp. In addition, if p
1s finitely subadditive, then

© [ sauz(©) [ sau+(c) [ ran

(v) It is immediate that (C) [, 1-du(t) = pu(A).

(vi) If u is a countably additive bounded measure, then the Choquet integral
(C) [, fdp reduces to the usual Lebesgue type integral (see, e.g., [12], p. 62,
or [33], p. 226).

(vii) If f >0, then (C) [, fdu > 0.

(viii) If @ = RN, N € N, we call u strictly positive if p(A) > 0, for any
open subset A C RN . See also [13].
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4. MAIN RESULTS

We need
Definition 4.1. Let £ be the Lebesque o-algebra on RN, » A\, N € N, and the
set function p : L — [0,400), which is assumed to be monotone, submodular
and strictly positive. For f € C’E (RN), we define the countably many specific

multi-composite multivariate Kantorovich-Choquet type neural network opera-
tors for any x € RN :

VR (fa)= VRE(foan,.an) = (39)

oo ((C) f[oyl]zvf(t-i- EYdu (t)) ~

(T I S
((C’) S it (tl ER A %N) dy (L, ...,tN)>
u([0,41Y)

N
(H 1) s m) |
=1

where © = (z1,...,2n) € RN, k= (ki,....,kn), t = (t1,....,tn), n € N.
Clearly here p ([O, l]N) >0,VneN.

n

Above we notice that

VR <1 (40)

so that S\T)IA(,QL (f,z) is well-defined.
We make
Remark 4.1. Let f € Cg (RN) ,t € [O, %]N and © € RN, then

(e E) = (v 5) s s@s|r(t48) - s + 1@,
o O [, ! (15 ) dutt <
© f ! (t+2) - r@)|dutey+ © Jood @@=
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©) /[o,m i (t+ ’“) P @) du (1) + F @) ( o 1} N) .

That s ' .
©) /[Oﬁl]Nf (14 2) dut) = £ ) ([o ’] ) <

© [l (t+2) - 1@

Similarly, we have that

dp (t). (42)

+f<t+k>.
n

r@=r@-f(e+2) s+ 5) <|r (14 2) - s

(@) /[O’i]Nf(f)u(dt) <
. f(”i) — F (@) du )+ (0) /[07}L]Nf<t+n>/x(dt),

f@)p ({0, Tll] N) - (0) /[O’HN f <t+ z) p(dt) <

[ (t+2) - 1@

By (42) and (43) we derive that

© [ (13 w0 s ([0 ! N)

© [ ! (t+2) - 1@

In particular, it holds
(&) f[O,L}N f (t + %) p (dt) (©) f[oyi]N |f (t + %) —f (99)| dp (1)
= 11N - f(x) S = 11N
u(0.41%) p([0:2]")
We give the following approximation result.

Theorem 4.1. Let f € C5 (RY), 0 < 8 <1, z € RN, \,;r,N,n € N with
nt=P > 2. Then

dp (t) . (43)

du (t). (44)

. (45)
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i)

o 11 ~(r) "
sup | ORE (1) = £ @)] < on (£ + 35 ) + 20l 53 (B0r) = a0
46)
and
ii)
sup [VRE (1) = 7| < a0l (47)

Given that f € (Cf (RY)nCE (RY)), we obtain lim g\r)l?,‘f (f) = f, uni-

n—0o0

formly.

Proof. We observe that

o [(C) fro oy f(E+£)du(t)\ _ oo
> ( | ]([0 ) )Zﬁ”(nw—k)— S F@Z (na k)
k=—o0 12 ' k=—o0
o0 (©) figaqn [ (t+ %) du(t) _
= 2 (( [’”}([O ) )—f(w)) 2 (ne — k)| < (48)
k=—oc0 1 '
oo (C)f[o ;]Nf(t+§)dﬂ(t) N (45)
n — f(z) Zy)(n;t—k) <
= ( w(lo.21")
< ((C) Jy i [F(E+3) = F@]du®) _
k; ( [0.%] u([o o >Z§>(m~k)_
oo (C) frgaqn [f (E+ %) = f ()] dp(t)
Z ( [0-2] ([0 1]N) )Z/(\)(nx—k)—f— (49)
0 P 5

{ 1% =2l < 75

{ k= —o0
1% =2l > 77
¢ ((C) a1 (7t + 1% = 2] d <t>) .
w(021)

{ k= —o00
15 -2l <75

oo —
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201/l > Z{7 (Ina — k|)
{ k=—00
[
(35) 1 1 ~(r
o (£ p) 2 3 (B, (50)

proving the claim. i
Additionally we give
Definition 4.2. Denote Cf; (RY,C) = {f : RN — C|f = fi + if2, where
fi, fo € C’E (RN)}. We set for f € Cg (RN,(C) that
K (fo) = VRY (o) +1 R (fo), (51)
VneN, zeRN, i=v/—1;r,AeN.
We give

Theorem 4.2. Letf€C+(RN ),f=f1+if2,NEN,0<6<1,x€RN,
r)\nENwzthnlﬁ>2 Then

i)
S?Lp E\T)A#(f’in)_f(w)’—( <f1, 1)+w1 <f2,ib—|—n16>)
12 ([l fill oo + 1f2lloo)y B8 (Bm) =2 a0, (52)
and
i)
g\) 5 f” > )\SDnT)

Proof. We have that

RS (f.2) = f ()] =

VRS (froo) +1 U RE (f2) = fi (@) — if2 (2)] =

(VRE (G0 - A @)+ (VRE (o) - @) <
‘(4<6)

K! (fa,z) — fa (2)

VR ()= fi @)+ [0

(w1 (fl, 4 nlﬁ) 2|l 33w (@n)) + (53)



Infinitely Many Concrete Multiple-Composite Quantitative Approrimations... 65

1 1 (r)3
<UJ1 <f27 E + TIﬂ) +2 ||f2“oo A (SN (57”)) )
proving the claim. I
We need

Definition 4.3. Let £* be the Lebesgue o-algebra on R, and the set func-
tion p* @ L* — [0,400], which is assumed to be monotone, submodular and
strictly positive. For f € Cg (R), we define the infinitely many specific multi-
composite univariate Kantorovich-Choquet type neural network operator for
any x € R:

< ((C) fy £ (t+E) dpr (1)
2T

Clearly here u* ([0, %]) >0,VneN;r,AeN.
Above we notice that

VML (f,2) = T (nx — k). (54)

O3 (|| <1l (55)
so that S\T)]\/iﬁ* (f,z) is well-defined.

Notice that E\T)IA(#, when N =1, collapses to E\r)]/\/}#*.

It follows another related result.

Corollary 4.1. (to Theorem 4.1 when N =1)
Let f € Cg R),0< B <1, z€R; r,\,n €N withn'=# > 2. Then
i)

sup DM (f2) - f (x)\ <wi <f, % + n;) +2fll oo (1 ~ G\ (nl—ﬁ - 2))

m
(56)
=: AT%T),
and
i)
sup |32 (£) - £ < ar. (57)
m o

Given that f € (Cf (R)NCE (R)), we obtain lim &T)]\/f\#* (f) = f, uniformly.

n—oo

Proof. As similar to Theorem 4.1 is omitted. §

We need
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Definition 4.4. Let f € C} (R,C) where f = fi +ifs with fi, f» € C (R).
We set

DM (f) = UMY (fro) +i DM (fara), (58)
VneN, zeR; rAeN.
We continue with

Corollary 4.2. (to Theorem 4.2 when N = 1) Let f € C}, (R,C), f = fi+ifs,
0<pB<1,zeR, r,\ncNwithn'= >2. Then

i)
) A 11 1 1
[0 ()10 < (i (05 55) o (105 55))
+2 (”fl”oo + Hf?”oo) (1 _ ég\r) (nlfﬁ _ 2)) —. )\wg)’ (59)
and
ii)
sup |8 (5) = £ = ey,
oW 00

Proof. As similar to Theorem 4.2 is omitted. I

We finish with L, estimates.

Theorem 4.3. Let all as in Theorem 4.2, p > 1, Aa compact subset of RV,
Then

3 (60)

ALY

A = /\@g) ‘A

where }JA\‘ < 00, is the Lebesgue measure of K, where Acpg) as in (52).
Proof. By (52), etc. i

Theorem 4.4. All as in Theorem 4.8, N =1 case. Then

1
< Mﬁ?(f) K P’ (61>

VM () -

pA

where A now is a closed interval of R, where Awﬁ{’) as in (59).

Proof. By (59), etc. &
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more we give some topological properties of these sequence spaces.
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1. INTRODUCTION

The origin of Cesaro sequence spaces lies in the methods of convergence
through averaging in analysis. The aim is to make convergent some disconver-
gent sequences by averaging them. Cesaro array spaces were defined by Shiue
[1] as follows:

00 n p\ 1/p
cesp—{m—(a:k)Ew:(Z(izmko ) <oo}(1<p<oo)
k=1

n=1

and

1 n
= = Ew: — < .
C€Soo {x (rg) Ew sup Z|ajk| oo}

n>1 k=1

Lim [2] defined this space with a different norm as follows:

00 p\ 1/p
Cesp:{a::(a;k)ew: (Z(;ZMH) > <oo}(1 <p<o0)

r=0 r
and

1
CeSoo = {x = (xg) Ew :sup — |z, | < oo}

>0 2"

where ) represents a sum over the interval [27,2" + 1).
T

69
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Ng and Lee [3] defined Cesaro sequence spaces of non-absolute type:

o) n o\ 1/p
Xp:{m:(xk)Ew:<Z;Zxk ) <oo}(l<p<oo)
k=1

n=1
< oo}.

and

1 n
sup — Zxk

n
n>1 =1

p)l/p
; neN}

Consequently, the study of Cesaro sequence spaces brings information on
how sequences behave under averaging. It is fundamental to summability the-
ory because some non-convergent sequences become convergent by averaging
them. Furthermore, the use of Cesaro averaging in conjunction with difference
operators has led to the emergence of new sequence spaces of the generalized
difference Cesaro type in the literature, demonstrating how extensible and
flexible this structure is.

Xoo:{x:(xk)Ew:

These spaces have the norms, respectively,

o0 1 n
by = (343
k=1

n=1

1 n
e = p{‘nz

and are Banach spaces.

In this context, difference operators and the difference sequence spaces as-
sociated with them will be examined. The relationships between the Cesaro
structure and the difference structure will be made clearer. Difference sequence
spaces examine the convergence or boundedness properties of a sequence ob-
tained by taking the differences between the terms of a sequence. The first-
order difference operator A, a fundamental tool in sequence theory, produces
the sequence Az when applied to the sequence = = (x). The first-order
difference space A(X) is defined by Kizmaz [4] as follows:

Axy, =T — Tha1 (k GN)

and X = [y, c and ¢

AX) ={z=(z}) € w: (Azy) € X}
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After,- Et and Colak [5] defined the sequence spaces
A"™(X) ={z = (zp) €w: (A™xy) € X}
for X = lso, ¢ and ¢g such that m € N, Az, = z;,

Az, = Amflxk — Amflkarl

Ay = zm:(—l)j (T) Thotj-

J=0

The classical difference operator only takes successive differences; however,
for more detailed behaviors of sequences, a generalized difference operator is
needed.

Et and Esi [6] defined the sequence spaces
AV(X) = {z = (zx) : (AT'zx) € X},

where v = (vg) is a sequence of non-zero real numbers, m € N, Agxk = VL Tk,
Az = Am gy — A™ gy and

m
AVlxy = -1 l<m> VktiThti (k€ N),
vo=> 0 (] (

for X =1y, ¢, co. The generalized difference Cesaro sequence spaces ECp(A™)
and ECy(A™) discussed in this study are improved and extended versions of
the sequence space defined in the article prepared by Braha et al.[7]. These
spaces have allowed for a more comprehensive definition of the classical [, c,
co sequence spaces by re-examining them with the help of Cesaro mean and
difference operators. Therefore, the generalized difference Cesaro sequence
spaces EC,(A™) and ECs(A™), defined below, have paved the way for the
emergence of new topological problems.

Definition 1.1. [7] For m >0, 0 < p < oo, the sequence space EC,(A™)
is defined as;
p
< oo}
In this definition, the generalized difference operator is first applied to the

sequence, then the resulting sequence is averaged with the Cesaro operator,
and finally evaluated with the [, norm. On the EC,(A™) space, the expression

1 s s 1 7 p\ 1/p
QSZ<>'+1§A 2z )

=\

o0

EC,(A™) = {x =(z5): )

s=1

1i<s>1§w
25 1t

=\

o

m
lzllec, =) |zl + (Z
1=1

s=1
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defines a norm. In the literature, it has been shown that under this norm the
space is complete, and therefore a Banach sequence space [7].

Definition 1.2. [7] Let m > 0 and 0 < p < co . Then ECs(A™) is

defined as follows:
iz zAmxu <o
28 3] 7+ j+1

In this definition, after taking the generalized difference of the sequence, the
Cesaro mean is calculated, and the condition that the resulting sequence must
be bounded is sought. Therefore, the space ECo(A™) can be interpreted as
the generalized difference Cesaro equivalent of the classical [, space.

s

EC(A™) = {a: = (z5) : sup

The expression

m S j
1 S 1 §
§ R A™

defines a norm on the space ECo(A™). In the literature, it has been shown
that under this norm, the space ECo(A™) is complete, and therefore con-
stitutes a Banach sequence space. Furthermore, since the continuity of the
coordinate functionals is ensured, this space has the property of being a BK-
space [7].

2. Main Results

Using the information given here, new sequence spaces for the generalized
difference operator, EC,(A]", u) and ECx (A}, u), will be defined and some
topological properties will be given.

Definition 2.1. Let m > 0, 0 < p < o0, u = (ux) and v = (vg) be
a sequence of non-zero real numbers. The sequence spaces EC,(A)',u) and
EC (A", u) are defined as follows:
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Theorem 2.2. EC,(A}',u) sequence space is a Banach space with norm
m 00 1 1 p\ 1/p
lellsc, = > ol + (Z ¢Z (5)4 +1Z“8A " ) W
=1 k
The space ECx (AL, u) is a Banach space with norm

2k2()]+1zu5A v

Proof. We will prove the theorem for the space ECy (Al", u) since the proof

2]l Eon Z i +sup (2)

is similar for EC,(A)', u). Let (2") = (21, %, ...,a},...) € ECsx(A}', u) be a
Cauchy sequence for each » € N. Then

1 d
kz:%( >J+1Z“8Am$ - )

From this, for any i € N, if r — oo and ¢ — oo, we obtain |z”, — z{| — 0.
Therefore, the sequence (:UT) = (zf,h,...,2;,...) is a Cauchy sequence in C
and is therefore convergent. Let lim, 2] = x; for Vi € N. Since (z") is a
Cauchy sequence for each ¢ > 0, for Vr,q > ny,

m
> laf—afl<e
i=1

— 0.

m
2" — 2% pen, = ) |2} — ]| sup

and

<e

ka()ﬁlzusmx ~ )

holds. From the last relations, for Vn > ng

m m
Jim Y faf | = fof — il <
=1 =1
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is obtained. This means that ||2" — x| gc,, < € for ¥r > ng, and it means that
x" — x as r — 0o. In addition to this,

kZ( > Zu Am r) _ 1i<k> ZgzousAg‘(ggg+x?0_x?o)
2 jrizt

2=\ j+1
k J
1 k 1
<z ")t > uAp(w )
1 E /R 1
- Am n()
v ka(])jﬂzus )

IN

|z — 2™ By, +

1Ak 1 <
_ . sAm no
+2kao<j>j+1;u v(xs)

< 00

is obtained. From this, x € EC (A}, u) and ECx (A}, u) is a Banach space.
Similarly, it can be shown that EC,(A}", u) is a Banach space with the norm
given by (1).

Result 2.3. The spaces EC,(A})',u) and ECx (A}, u) are BK— spaces
under the norms defined in (1) and (2), respectively.

Theorem 2.4. If 1 <p < q then EC,(A}',u) C EC,(A}, u).

n 1/q n 1/p
(Z !ak!q> < (Z !ak!p>
k=1 k=1

the proof is obtained easily.

Proof. Since

Theorem 2.5.
1 The inclusion ECoo(A'™",u) C ECx (A, u) is strict.
2 Let pe RY such that 1 < p < q.
Then, the inclusion EC,(AT~1 u) C EC,(A™, u) is strict.

Proof. i) Tt can be easily shown that FCu(A™ ! u) C ECo (AT, u) is
true. To show that it is strict, let’s take m=2, ( ) = (1), (vg) = (1)
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and x = (z) = (k?). Then (k?) € ECo0(A™, u)\EC(A™ 1 u) is true.
Indeed;

Moreover,

1SNk 1L
7 2 ()7 e

=0 s=0

<

ii) The other can be proven similarly.
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Theorem 2.6. EC, and ECy, are solid and therefore monotone. However,
EC,(A},u) and ECy (A ,u) are neither solid, nor symmetric, nor sequence
algebras (for m > 1).

Proof. Let x = (z1) € EC and y = (yx) be a sequence such that for every
k € N, |y < |zk|.- Then we obtain

2k2<>j+1298 2k2<>]+12| s

From this, we obtain that FCy is solid and monotone. Let m=2.Then (x}) =
(k?) € EC»(A?), but apzry ¢ ECs(A?) when ap = (—1)F for Vk € N.
Therefore, ECo.(A?) is not solid.

The other cases can be seen with the help of similar examples.
3. Conclusions

In this study, the sequence spaces ECy,(A}', u) and ECs (A}, u), defined
by the joint application of generalized difference and Cesaro operators, are
investigated from topological perspectives. These spaces can be interpreted
as generalizations that unify Cesaro sequence spaces, generalized difference
sequence spaces, and classical £, spaces which are often treated separately in
the literature under a single framework.

It is shown that suitable norms can be defined for both spaces, and their
completeness under these norms is established, thereby proving that they are
Banach sequence spaces.
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1. INTRODUCTION

Mursaleen [1] extended the concept of natural density to the concept of
A—density and defined A—statistical convergence. If A = (\;) is an infi-
nite, non-decreasing sequence of positive real numbers satisfying A\; = 1 and
As+1 < As + 1, then for any subset T' C N, the A—density dy (T') is defined as

iy (T) = Tim {tels:teT}

5—00 A

where Iy = [s — As + 1, s].

A sequence t = (tq) of real numbers is called A—statistically convergent to
to € R, if for every € > 0, d) (T (¢)) = 0 where T'(¢) = {a € N : |ty — to| > €}.

Firstly Kizmaz [2] defined the difference sequence concept and Et and Colak
[3] generalized this idea. Further, Et and Esi [4] defined the following sequence
spaces using by any fixed sequence of nonzero complex numbers v = (vq):

Z(AP) = {t = (to) € w: APt € 7}
for Z = loo, c and co; where ADty = AP ¢, — ALYt ., and A%, = t, such

that
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for all @ € N. The set of all convex combinations of u and v is the set of points

Y={w,eV:iw,=(1-p)u+ov,0<p<1}

where V is a real vector space and u,v € V. The set M C V is said to be
convex if Y C M for any two points u,v € M.

An Orlicz function U : [0, 00) — [0, 00) is a continuous, non-decreasing, and
convex function satisfying the conditions U (0) = 0, U (¢) > 0 for ¢ > 0 and
U(t) = oo as t — 0.

Lindenstrauss and Tzafriri [5] defined Orlicz function sequence space

lU—{(ti)Ew:EU<u’> <oof0rsomeu>0},
i=1

with the norm

1] :inf{u>0: ZU(H> < 1}.
i=1 H

Let X be a normed linear space. A sequence (t5) C X is called weakly
convergent to tg € X if

gmf(ts —t9) =0,Vfe X

Here X' is the continuous dual space of X.

A sequence (t;) C X is called A—weakly convergent to ty € X if
hmfzf(ti—to) =0, \V/fEX/.

The set of all A—weakly convergent sequences is denoted by DY [6].

A sequence space E is called solid if (5,t;) € E, for each (¢;) in E and each
scalar sequence (3;) with |3;| <1, for all i € N.

A sequence space F is called monotone if it contains all preimages of its
step spaces and symmetric if (tw(i)) € F whenever (t;) € F and 7 : N — N is
a permutation of N.
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An Orlicz function U satisfies the Ay—condition if there is a constant T° > 0
such that for all w > 0

U2u) <TU (u).

Kisi and Giirdal [6] defined some sequence spaces by using an Orlicz function
and showed that these spaces are linear spaces.

2. MAIN RESULTS

In this section, we define some sequence spaces by using Orlicz functions
sequences and showed linear spaces them.

Definition 2.1. Let U = (U,) be a sequence of Orlicz functions, v = (v;)
be any fixed sequence of nonzero complex numbers and p € N. Then we define

p
(DY, U, AY], = {t = (ta): lim € 3 Ua <U(AH7”%)|> = 0 for some p > O}

50 As o1,

p —
DX, U, AD], = {t = (to) : lim 1 > Ua (U(L’:to)o = 0 for some tp and pu > O}

SO0 As e 1,

(DS, U, AP] = {t = (ta): lim L > Ua (W) < oo for some p > 0}.
STFOOAs ael
Theorem 2.2. The sequence spaces [DY,U,A7],, [DY,U,A%]
and [DY, U, A7 are linear spaces.

Proof. Since it’s similar for other cases as well, we’ll only prove it for [DY, U, AF] o
Let (ta),(¢a) € [DY, U, AT], and 7,¢ € C. We need to find some > 0 such
that

iy L5, (0380 8y

S§—00 sacls o]

Since (ta), (¢a) € [DY, U, AY], there exist i1, py > 0 such that

uwﬁm>_a
H1

limlea<

§—00 sa€ls
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lim — Y U (If(&?%)l) = 0.

SA)OO 50(6]9 /"62
f Agto‘ f gA’U o
IfwesayAa:’(nuil”, Ba-'“tiq)' M—.U1+M2,U1=% Uzz%,
then we have
Ua (1 Aa + p2Ba) /1) = Ua (1140 + v2Ba) < 01Uq (Aa) + v2Ua (Ba)

and hence if we take sum from 1 to infinity, then divide by A and take the

limit as s — 0o, we obtain the result. i

Corollary 2.3. The sequence spaces [DY,U,AY],, [DY,U,A%],
and [DY, U, A7 are convez.

Theorem 2.4. Let U = (U,) be any sequence of Orlicz functions. Then
the space [DY, U, Ag]oo 1s a normed linear space with norm

XAP(t) = Zp:] (x1]+1nf{u>0 sup — > Uy <|f(A€tO‘)|)§1}.

s )\saelg M

Proof. Clearly XA (t) = XA (—t) and XAD () = 0 & t = 0. Now let’s
show the subadditivity of XAJ (t). Let py, s > 0 be such that

p
S Sa€Elg

Al
SupA Z}U <W>§1
S sa€l,

and say g = pq + pt9. Then we have

sup — Z Ua

S sa€ls

(it vl

Since p is nonnegative, we have
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p
XAL(t+m) = X If (ti+ )
=1

+ inf u>0:sups/\1$ZUa<|f(Ag(ta+wa))|>§1},

o€l "

and hence
XAD(t4+w) < XAD (1) + XAP (w).

Let v # 0 be a complex number. Then we have

XAL(78) = 32 |f (9t:)] + in {u >0 sup— 3 U (W) < 1}

=1 S )\Saels
< XAT (@)
|

Theorem 2.5. Let U = (U,) and V = (V,,) be sequences of Orlicz func-
tions satisfying the Ao—condition. Then the following inclusions are strict for
X =0,1 and oo.

Z) [D(S\}7u7 Ag]j{ g [D§7uv7 Ag]f}(7
ii) (DY, W, A N [DY,V, Al C (DY, U+V, Al

Proof. i) We only show for X = 0. Let (t,) € [DY, U, A}] . Then there exists
@ > 0 such that

L)
i
Let 0 < 0 < 1and 0 < 8 <1 be such that V,, (m) < o for 0 < m < . Define

limlea<

5§00 AS a€cly

Do = Uy <M;(ta))‘)

Consider the expression

> Vo (@a) =3 Vo (@a) + 2 Va (wa) -

a€lg 1 2
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Here the first sum is calculated based on w, > [ and the second sum is

calculated based on w, < . Since

1 1
)\—szljva (o) < Vo (2) "

21: (@a) (2.1)

S

for wy > B, we have

wa<1—|—@.

B

Since each V, is nondecreasing and convex and satisfies the As—condition, it

follows that

Vo @a) < 5Va @)+ 5a (25°)

2 B
Vo (wg) = T%Va (2).
Hence,
izva (wa) < max (1,75 'V, (2)) izwa. (2.2)
As 1 )\s 2

If we take the limit as s — oo, from (2.1) and (2.2), we obtain
(ta) € [Dt:\.)’ uV7 AI’Z]O
For other cases, proof can be presented in a similar manner.

i1) The proof is omitted. I

Corollary 2.6. The inclusion [DY, AV], C [DY, U, A%, is strict. Here, the
space [D‘;\J,Ag]o 1s defined by

1 <|f (Avta)]

[ f,Aﬁ]O—{t—(tQ):limZ >:0f0rsomeu>0}.
W

Theorem 2.7. The inclusion [Dﬁ{,u, Ag_l}x C [D§, U, ATy is strict for

p € N. In general, [D‘;\J,U, AMJ{ C [DY, U, ATy for i =0,1,2,...,p — 1 and
X=0,1,00.
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Proof. 1f (t,) € [Df,u,Aﬁ_l}o, then for some p > 0

(st

limi > Ua

5§00 sa€l,

Since each U, is both convex and nondecreasing, we obtain

1 F(Afta 1 f Agilta—ﬁgiltmrl)’
ASZUOCO(QM H) A UO<<‘( 2

acly .
Ly (1)
S by «@ < 2u

(A e,
Ly, (!()I> ,
Oéels

As s — oo, we have

limlea(M(Am>:O

§—=00 )\3 CMGIS 2’LL
by (2.3), which implies (to) € [Di,li, Aﬁ‘l]o.

By using induction, we can establish that
[ &J?ua A;]j{ C [ g\‘)?ua Ag]f}c

If we take U, (t) = U (t) and v, = 1 for all @ € N, we get Example 1 in [6].
This shows us that the inclusion is strict. B

Theorem 2.8. The space [DY,U, AY],., where K = 0,1,00, is generally
not solid. The spaces [D,U], and [DY, U] are solid where

|f (o)l
I

§—00 sa€ls

[ S\J,U]Oz{t:(ta):limlea< >:0f0rsome,u,>0},

[ ‘,{’,u]oo:{t:(ta): lim — zUa<

500 \g ocl,

|f(;ja)|> <ooforsome,u>0}.
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Proof. If (to) € [DY,U],, there is x> 0 such that
1 t
lim — > U, (’f(”“)’) = 0.
§—=00 g e, "

Let [0o| < 1. Then

and hence

T A (!f(5:ta)\> — 0,

which implies that (6ata) € [DY,U],. The proof for [DY, U] _ is similar. K

If we take U, (t) = U (t) and v, = 1 for all & € N, we can shown that the
spaces [DY, U, AD], and [DY, U, AT]__ are generally not solid as Example 2 in
[6].

If we take U, (t) = U (t) and v, = 1 for all & € N, we can obtain that
, U, Ayl 1s generally not solid as Example 3 in |6].
DY, U, A, i 11 lid as E le 3 in [6

Corollary 2.9. The space [DY,U], and [D, U] are monotone.
Remark 2.10. The space DY, U, Ag]o is not convergence free.

If we take U, (t) = U (t) and v, = 1 for all & € N, we can obtain that
(DS, U, AT], is generally not convergence free as Example 4 in [6].

Remark 2.11. The spaces [DY,U, Afj]g< for K =0,1,00, are generally not
symmetric.

If we take U, (t) = U (t) and v, = 1 for all @ € N, we can obtain that
(D, U, AT], is generally not symmetric as Example 5 in [6].

3. CONCLUSIONS

In this paper, we define some A—weak convergent sequence spaces by using
Orlicz function sequences, and provide an overview of their structures and
behaviors by examining some of their algebraic and topological properties in
depth. Furthermore, by establishing fundamental coverage relations between
these newly defined spaces, particularly in the context of sequence spaces and
Orlicz functions, we make a contribution to the field of functional analysis and
offer new avenues for researchers working in this area.
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Abstract  We give an extension of the G method, with results, the extension and results
being partly suggested by the finite Markov chains and specially by the finite-
time consensus problem for the DeGroot model and that for the DeGroot model
on distributed systems. For the (homogeneous and nonhomogeneous) DeGroot
model, using the G method, a result for reaching a partial or total consensus
in a finite time is given. Further, we consider a special submodel/case of the
DeGroot model, with examples and comments — a subset /subgroup property is
discovered. For the DeGroot model on distributed systems, using the G method
too, we have a result for reaching a partial or total (distributed) consensus in a
finite time similar to that for the DeGroot model for reaching a partial or total
consensus in a finite time. Then we show that for any connected graph having
2™ vertices, m > 1, and a spanning subgraph isomorphic to the m-cube graph,
distributed averaging is performed in m steps — this result can be extended —
research work — for any graph with nins...n; vertices under certain conditions,
where t, n1,n2,...,n: > 2, and, in this case, distributed averaging is performed
in ¢ steps.

Keywords: generalized stable matrix, G method, DeGroot model, consensus problem,
finite-time consensus, finite-time partial consensus, subset/subgroup property, distributed
system, DeGroot model on distributed systems, finite-time distributed consensus, finite-
time partial distributed consensus, finite-time distributed averaging.

2020 MSC: 15B48, 15B51, 60J10, 68M14, 68W15, 91D15, 93D50.

1. AN EXTENSION OF G METHOD

In this section, we give an extension of the G method [18]-[19], see also
[17] — a good thing both for the forward products of matrices, in particular,
for the finite Markov chains, and for the backwards products of matrices, in
particular, for the DeGroot model and for the DeGroot model on distributed
systems.

Set

Par (E) = {A| A is a partition of E'},

where E is a nonempty set. We shall agree that the partitions do not contain
the empty set. (E) is the improper (degenerate) partition of E — we need
this partition.

89
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Definition 1.1. Let Ay, Ay €Par(E). We say that Ay is finer than Ag if
VYV € Ay, AW € Ag such that V C W.
Write A1 =< Ay when A1 is finer than As.

In this article, a vector is a row vector and a stochastic matrix is a row
stochastic matrix.

Set
(m)y ={1,2,....,m} (m>1).

Let Z be an m X n matrix. Z;; or, if confusion can arise, Z;_.; denotes the
entry (i,7) of matrix Z, Vi € (m), Vj € (n).
Set
Crmn =A{P]| P is a complex m X n matrix},

Ry n={P| P is areal m x n matrix},
Ny = {P| P is a nonnegative m X n matrix},
Smn = {P| P is a stochastic m x n matrix }

(...the stochastic matrices are defined in Definition 1.3),

Cn = Unmn,
Rn = Rn,na
Nn = Nn,na
Sn: n,n-.

Let P = (P;j) € Cpyn. Let 0 £ U C (m) and 0 # V C (n). Set the matrices

_ Vv _ vV _
Py = (Pij)ieU,je(n) , P = (Pij)z‘e<m),jev’ and Py = (Pij)z‘eU,jeV‘

~—
&
=
(oW

—

L
o
=

Remark 1.2. (Basic properties of the operators (-),.

(
the products of complex matrices.) Let P € Cy, pny, Po € Crgngs - Pr €
Chymeers Wwhere t > 2. Let ke (t —1). Let 0 £ U C (my
Obviously, we have

(a)

<
]
(oW
=
<
N
El
+
<

(PLPy...P)y = (PiPy...P)y Pey1 Pryo-.. P

(b)
(PLPy...P)Y = P\Py...Py (Pyi1 Pryo... P ;

(c)
(PiPy...P)}; = (PiPa... By (Pros1 Prgo P)Y
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(d)

(PP Pl = Y (PPa.P)[] (Peg1 Py Py, VA € Par ((ngg1)) ;
WeA

(e)

(P\Py...P) > (PP P)}Y (Pos1Prio Py s YW, 0 # W C (ngy).
(e

((c)=(d)==(e))
Let W be a nonempty finite set. Suppose that W = {s1, s9, ..., s¢}. Set
({i})iew € Par (W), ({i})iew = ({s1} {s2}, - {s:})-
E.g.,
(i Dicy = ({1342} ().
({#});ew is the finest partition of W while (W) is the coarsest partition of W.
Let L ¢ W. Let K = L€, L¢ is the complement of L — so, § # K C W.
Suppose that K = {sj,,5j,,...,55,} (1 <u <t). Set
({iDiew if [L] =0,
({Sjl}J {8j2}7 "'7{8ju}7L) lf |L’ Z 1

(|| is the cardinality). Obviously, ({i}, L);cx = ({i});ep if |L| = 1. So,
({i}, L)ier = ({i)sew if L] < 1.

Further, we suppose that ¢ > 2. Let (L1, Lo, ..., L) €Par(W), where m > 2
(L1,Lay..c; Ly, # 0; m > 2 = t > 2). Suppose that L1 = {s;,,s1,,..., 51, }
(v>1). Set

({1}, L)jex € Par (W), ({i},L);cre = {

({1}, L2, s Lim) e, € Par (W),

({7} Loy ooy Lim)ier, = ({8} {81} s {81, 1 L2, ooy Lim) -
FE.q.,

({1} {4,5},{6,7,8})ic(s) = ({1}, {2}, {3}, {4,5},{6,7,8}).

({#}, L);c is the finest partition of W when |L| < 1; ({i}, L),cj is the finest
partition (of W) among the partitions of W which contain L when |L| > 1
while ({i}, Lo, ..., L)y, is the finest partition (of W) among the partitions
of W which contain Ls, ..., L. Obviously, ({i},La,..., Lm)icr, = ({i})iew
when |La| = ... = |L;,| = 1. Obviously, the partition ({i},L),c; when [L| > 1
is a special one of ({i}, L, ..., Lm);cp, -
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Definition 1.3. Let P € Cy,,. We say that P is a generalized stochastic
(complex) matriz if 3a € C (a =0 or a # 0) such that

ZPij:m Vi e (m).

jel{n)

(We have generalized stochastic complex matrices, generalized stochastic real
matrices, generalized stochastic nonnegative matrices... If P € Ny, 5, then P is
a generalized stochastic (nonnegative) matrix if and only if 3a > 0, 3Q € S, ,
such that P = a@Q) — see, e.g., [17, Definition 1.2].) The generalized stochastic
matrices with row sums equal to 1 are called stochastic complex when the
matrices are complex, stochastic real when the matrices are real, stochastic
nonnegative or, for short, stochastic when the matrices are nonnegative...

Definition 1.4. (A generalization of Definition 1.3 from [17].)
Let P € Cpyp. Let A €Par((m)) and X €Par((n)). We say that P is a [A]-
stable matriz on % if PI% is a generalized stochastic matriz, VK € A, VL € 3.
In particular, a [A]-stable matriz on ({j}) e, is called [A]-stable for short.

Definition 1.5.(A generalization of Definition 1.4 from [17].)
Let P € Cpyp. Let A €Par((m)) and ¥ €Par((n)). We say that P is a
A-stable matriz on X if A is the least fine partition for which P is a [A]-stable
matriz on 3. In particular, a A-stable matriz on ({j}) ;e s called A-stable
while a ({(m))-stable matriz on ¥ is called stable on ¥ for short. A stable
matriz on ({j});e(ny 15 called stable for short.

For the [A]- and A-stable matrices on ¥, A €Par((m)), ¥ €Par((n)), we
will use the generic name “generalized stable (complex) matrices” — we have
generalized stable complex matrices, generalized stable real matrices, general-
ized stable nonnegative matrices, generalized stable stochastic matrices...

The stable matrices have a central role in the finite Markov chain theory, in
the DeGroot model theory (see Section 2), in the theory of DeGroot model on
distributed systems (see Section 3)... The stable matrices on ¥ are important
for the finite Markov chains (see, e.g., [17, p. 389]), for the partial consen-
suses (see, in Section 2, Theorem 2.5; see also Example 2.8), for the partial
distributed consensuses (see, in Section 3, Remark 3.2(b))...

Example 1.6. Let

1 1 1
2 3 1 10 oo
1 1 1
P:140§§ inoo
46 00 7| 1 2 3|’
9 1 1 2 4 1 23
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e (2 ) (1)

P is [({1,2},{3,4})]-stable on ({1,2},{3,4,5}) because Pk is a generalized
stochastic matrix, VK € ({1,2},{3,4}), VL € ({1,2},{3,4,5}) — indeed,

{12y (2 3
P{1,2}—<1 4)7

and it is a generalized stochastic matrix because 24+ 3 =1+ 4,

{3,4,5} 3 0
P{I;QI; - ( ) ’

0
and it is a generalized stochastic matrix, etc. Moreover, P is [A]-stable on
({1,2},{3,4,5}), VA < ({1,2},4{3,4}) . Moreover, P is ({1,2},{3,4})-stable
on ({17 2} ) {37 47 5}) : Q is [({17 2} ) {37 4})]_Stable

1
{1} 1 2} _ i3} 0
(Q{LQ} = ( ) =3 ( . > » QUi = Qi = < 0 >

— = is the identical sign). Moreover, it is [A]-stable, VA < ({1,2},{3,4}).
Moreover, it is ({1,2},{3,4})-stable. T is stable on ({1},{2},{3,4}) — it
follows that T is stable (the rows of 7% are identical — any stable matrix
has the rows identically). Z is stable (the rows of Z are identical).

_ Let A €Par((m)) and ¥ €Par((n)). Set (see [17] for Gax and [18] for
Gax)

Gay =Gax(m,n)={P| P €Sy, and P is a [A]-stable matrix on ¥},

NN
NS [GCRNE

LN
NN
N [JURETNIV]

NI D=
DN|—

N—= D=

Gax =Gax (m,n)={P| P € Ny, and P is a [A]-stable matrix on X},
GA,E = GA,E (m,n) ={P| P € Ry,,, and P is a [A]-stable matrix on X},

and
@A,E = aA,E (m,n) ={P| P € Cy,y and P is a [A]-stable matrix on X}

(Gax is a set of generalized stable stochastic matrices, @A,g is a set of gen-
eralized stable nonnegative matrices...).

When we study or even when we construct products of complex matrices
(in particular, products of stochastic matrices) using Ga s, Gay, Gax, or

@A,g, we shall refer this as the G method. G comes from the verb to group
and its derivatives.
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The G method can more be extended considering other sets of matrices
besides Sy ny Ny Bmn, and Cy, 5, then, if necessary, generalizing Definition
1.3...

The G method has serious applications, see, e.g., [20]-[21].
Since Gay € Gay C Gax C Gax (A €Par((m)), ¥ €Par((n))), any
property which holds for G A,z also holds for Ga 5, Ga s, and Ga 5, any prop-

erty which holds for G A,x also holds for G » and GA,E--- Several properties
of Gax were given in Remark 2.1 from [17] — some of these properties can

be extended for Ga 5, for G A, or for G A,x. Below we give a few properties
of Gax, Gax, Gax, or Gax.
Remark 1.7. (a)

S = G(<m>)7(<n>) = G({i})iam)’z, Vm,n > 1, V¥ € Par ((n))

<m>) is the improper (degenerate) partition of (m)...; ¥ can be equal to
JDjemny (80, Smn = Gy })i€<m>’({]})j€<n)) or, more generally, to ({j}, K€);cx »
#K C < ), or to...).

(b)

N D G () Bonan D Gimy),(my)s Coman D Gy, (@) Y 2 2, ¥n 2 1,

((
S
0

and é“m»,«n» is equal to the set of generalized stochastic nonnegative m x n
matrices, é«m))’((n)) is equal to the set of generalized stochastic real m x n

matrices, and G (,)),((n)) 18 equal to the set of generalized stochastic complex
m X n matrices;

n =GP imy s Bmn =G}, 20 Cmn = Gy,

i€ m)’

VYm > 1, ¥n > 1, VX €Par((n)).

(c) The stable complex m x m matrices on ¥ are generalized stochastic,
V3 €Par((n)) (é((m»,Ev é(<m>)72, and @(<m>)72 are included in the set of gen-
eralized stochastic nonnegative m X n matrices, that of generalized stochastic
real m xn matrices, and that of generalized stochastic complex m X n matrices,
respectively).

(d)

Clom b tastonsuyer, S G<<m>>7({j}, Om)
JjeLq

b=2
Vm, n > 1,V(L1,La,...,Ly,) EPar((n)), v Z~2 (obviously, ({j} L2, L3, ..., Lv) jer,
EPar((n))). Similarly for G(<m>)’({j}’L2?L37"'7LU)jEL1 and for

G (). (41, L2, Lo L),
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Let P € GM. Then (see Definition 14) VK € A, VL € %,
Jdak 1, = ax 1, (P) € C such that

Y Pj=agLVieK.
JEL

Set the matrix (for the case when P € Ga x, see, e.g., also [18])

P~ = (Pgf) kenres Pri =axp, VK €A, VLEX.

We call the matrix P~ the (A, X)-grouped matriz (of P), or, for short, if
no confusion can arise, the grouped matriz (of P) — in [17] this matrix was
differently called... The labels of rows and columns of P~ are K, K € A,
and L, L € X, respectively; PI}X, K € A, L € %, are the entries of matrix
P~T; P is the entry (K, L) of matrix P~+, VK € A, VL € X. If confusion

can arise, we write P~ (&%) instead of P~.

Example 1.8. Consider the matrices P, @, T, and Z from Example 1.6.
We have

pt— ( 150 ; > (A =({1,2},{3,4}), ¥ =({1,2},{3,4,5})),

@ =(155) @=L G, = Uem)
rr=(s -4 1), 27 =(4 ),

T~* and Z~ have just one row because T and Z are stable on ({1}, {2}
)

) 37 4})
* (e e

and stable, respectively. Moreover, the row of (T<2> ) B A2))
is identical with any row of T2 and the row of Z~7 is identical with any row
of Z. Generally speaking, letting A and B, A, B € C), »,, be a stable matrix

on ({5} ,Kc)jeK, 0 # K C (n), |K° > 1, and a stable matrix, respectively,

(AK)_Jr = (AK)_+((<m>)’({j})jEK) has just one row and this is identical with

any row of AX and B~ = B_+((<m>)’({j})i€<">) has just one row and this is
identical with any row of B — do not forget! (see Theorem 1.10...)

Below we give a fundamental result.

Theorem 1.9. (i) (a generalization of Theorem 1.5 from [18])
Let P, € @ALAQ C Chyimy and Py € CA;A%AR) C Chyny- Then

PPy € Gayny € Coyms and (PPt = Pt Py

(ii) (a generalization of (i)) Let P; € @A17A2 C Chymos
Py € Gayns € Crgngs o0 Pr € Gapagy € Cnyng,q, where t > 2. Then

P\Py..P € Gayayy € Cnymeyy and (PP )t = P7H Pyt PTT
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Proof. (i) Similar to the proof of Theorem 1.5 from [18]. Another proof, a
simple one too, of the first part of (i) is as follows. Let U € Ay and V € As.
By Remark 1.2(d) we have

(PP); = D (PO)y (P
WeAq

Since (Pl)EV and (P2)I‘//V are generalized stochastic matrices, VIW € A, it
follows that

(PO (P2)yy and >~ (P (Pa)yy
WelAs

are generalized stochastic matrices. So, (PlPQ)‘[j is a generalized stochastic

matrix. Therefore, P; P, € @ALAs-
(ii) Induction. 1

Recall that in this article, a vector is a row vector. Set e = e(n) =
(1,1,...,1) e R (e € C" too), Vn > 1; € is its transpose.

Below we give the best result of this section.

Theorem 1.10. (An extension of Theorem 1.6 from [18].)

Let Pi € Gayny C Cryngy Po € Gagng C Crpingy o P € Gagny,y C
Chyngsrs where t > 2. Suppose that
Ay =((n1)) and Ay = ({5}, K) ek
(0 # K C (ng+1); |[K¢| <1 or|K¢ >1). Then
(PLP,..P)"

(equivalently, P1Py...P;_1 PE (see Remark 1.2(b)))

is a stable matriz (i.e., a matriz with identical rows, see Definition 1.5 and
Example 1.6; (Png...Pt)K is a submatrixz of PiP>...P;, see the definition of
operator (-)(') again; if K = (ng1), then (P1P2...Pt)K = P P,..P;, and
Py P,...P,; is a stable matriz),

U {73}
(P1Py.. Py = (Prrpytprtyss T =

— — — —+ .
=P Pyt P (PF) T Vie (na),

where
(PtK) -+ _ (PtK) —+(A6,({iDjex)
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U {1}
((P1P2...Pt)g} is the row 1 of matrix (P1P2...Pt)K; (Pf+P27+...Pt’+)j€K

is a submatriz of P TPy T...P; 1 (see the definition of operator (-)(')); Pt =

Pb_+(A”’A”+1), Vb € (t); we used {{j}} because the labels of columns of P TPy +
P77 are, here, {j}, j € (ni41), when |K¢| < 1 and {j}, j € K, and K¢
when | K¢ > 1 (see the definition of operator (1)~ again)), and

U {1} _
(PP P)E = ¢ (PyTPy+. Prt)ies = Prtpyt Pt (PE) T

where e = e (ny) (if K = (ngg1), then
(PP Py = Py TPy TP, Vi€ (),
and

PPy...P=c P TPy TP,

Proof. Since Ay = ((n1)) and A1 = ({j}, K€) ¢ g, by Theorem 1.9(ii) and
Definition 1.5, P1P,...P; is a stable matrix on ({j}, K);cx (|K] < 1 or
|K¢| > 1). It follows that (P, P,...P,)" is a stable matrix and, consequently,

—+ (),
((PlPQ...Pt)K> ( ex)

has only one row — the label of this row is (n;) (see the definition of operator
()~ 1); further, we have

(P1Py..P)y = (PrPe Py PF) ) =
due to the partitions ({(n1)) and ({j}).-x ... — see Example 1.8 again
JEK
— (PlPQ...PtflptK)_+((<n1>)7({j})j€K) —

— PPyt PT (PE) T Yie ().
On the other hand, it is easy to see (see also Example 1.8) that

U (U
(PLPy.P)gy = (PP TPy T P )ss 0 Vi (na).
Finally, we have
U (i _
(PP B)K = ¢ (PyTPy . Pr)ies = Prtpy L Pt (PE) T
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Remark 1.11. On Theorem 1.10, we consider 3 things.

(@) Atr1 = ({7})je(n,,,) Poth when [K¢| = 0 and when |K¢[ =1 — practi-
cally speaking, we use “|K°¢| = 0” because, in this case, K = (ns11) .

(b) We have, in fact,

U {7}
(PLPy. Py = (PP TPy TP h)ss Vi (),
because the row matrices
U {1}

(PLPy...P)py and (PyH Pyt prt)sex

have different labels for rows and, separately, for columns, Vi € (n;), but
abusively, for simplification, we used “ =" instead of “ =" (= is the identical

sign; since the one-to-one correspondence (the bijective function) is column

U {1
j — column (with label) {j}, Vj € K, obviously, (P * Py "..P 1)K

must have the property: the column {j;} is before the column {js} if j1 < ja,
Vi1, j2 € K) Also,

_ _ _ —+ .
(PLPy Py = Pr PPyt P (PR) T e (m),

but, due to the notion of equal matrices and notation used for the equal
matrices,

U (U .
(PPt prt)ex = Pyt Pt (PR) T

Also,

U {{s}}
(P1P2...Pt)K =¢ (Pf+P2*+mPt*+)j€K

(c) Theorem 1.10 leads to another one if we replace Apy1 = ({j}, K°),cp
with AtJrl = ({]} , Lo, Ls, ..., Lv)jeh , where (Ll, Lo, Ls, ..., L@) EPar((nt+1>)

and v > 2. But, by Remark 1.7(d), P, P;...P; is stableon ({j}, L2, Ls, ..., Lv)jeL1

v
= P P,...P, is stable on <{j}, U Lb> . So, nothing new.
b:2 jELl
Example 1.12. Let

2 2 1 1 2
10310 11 0 %

1 2 1 2 2
p_| 1110 p_| 1901

=100 2 2|27 2 ¢ 1 L [
4 4 4 4 4
1 1 2 2 2
0 7 1 1 0 7 10
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e BN

P = , and Py =

O O BRI
== O O
IN[SUINTIURN] SN V)
@)

O O BIE R
== O O
TSN N RN
NN O

We have P1 € Gy, ), P2 € Gay,1.21,034) B3 € G1,21,{34).(31); ey
and Py € G((19},(3.4)), ({1}, 421, (3.4 (P1 Gz, VE €Par({4)), 5 # ((4)) —
Py was deliberately chosen with this property.) So, by Theorem 1.10, P, P, P
is a stable matrix and

1
1 10 %3
St et e 2 2
PiP,Py =€ P PPy = 1 (1)(1 Z) o L 3 o]~
i 4
1

(15

—_ = = =
OOl 0Ol 0Ol 0ol
ool Ut 0olut 0olUt ColUT
Ol Col— 0ol 0ol

Sl
—
[«
Sl
S—
|
0ol 0ol 0ol 0ol

while (PlPQP:,’,){l’z} is a stable matrix and

(P Pyl ) = ¢ (Pt Py ) BT = opr pe (o) TR

11
1 1 8 8
1 11
(o (g )= a-] 1
— |1 1 1 o L] 7|1 6 16 /)| 1 1
1 8 8
1 1 11
8 8
These results can also be obtained by direct computation. P, Ps and (PgPé){l’Q}

are also stable matrices.

To easy recognize when Theorem 1.10 could or cannot be used/applied, see
(i) and (ii) in the next theorem.

Theorem 1.13. Suppose that the conditions of Theorem 1.10 hold.

(i) If n2,ng,....,ni41 > 2 (ng > 1), then Ju € (t) such that P, is stable on
Ayit, and Ayt1 # ((nut1)) (Pu can be “broken” into at least two generalized
stochastic matrices with n, rows).

(i) If ni,no,...ng > 2 (nyy1 > 1), then Jw € (t —1) (t > 2) such that
Aw # ({i})ie(n,) and (Puw)y is a matriz with identical rows, VU € Ay, [U] = 2

(as a result, P, has at least two identical rows) or (Pt)IU( is a matriz with
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identical rows, YU € Ay, |U| > 2 (as a result, PX has at least two identical
rows (PE = P, when K = (niy1))).

(ii) P, PP, .., PiPy..P, are stable on Ag, Az, .., Ay
(At = ({j},Kc)jeK), respectively, and, as a result, they are generalized
stochastic matrices.

(iV) Pt, Ptflpt, ceey P1P2...Pt are [At]-, [Atfl]-, ceey [Al]-stable on
{5} ,Kc)jeK, respectively (A1 = ((n1))).

Proof. (i) Since ng,ng, ..., 41 > 2, Ay =((m)), and Ay =({j}, K°) e it
follows that Ju € (¢) such that Ay = ((n1)), A2 = ((n2)), ..., Ay = ((nw)),
and Ayt1 # ((nu41)) (“u = 17 leads to “Apyp1 # ((ng+1))”; mep1 > 2 and
0 # K C (nes1) = |Apa| > 2 (equivalently, A1 # ((ne41))); so, no
problem). It follows that P, is stable on Ay 41, and Ayi1 # ((Nyt1)).

(ii) Case 1. Ay # ({1});e(,,) — this case is possible because ny > 2. In this
case, AV € A with |V| > 2. Since P, € G\AtyAtJrl and Appr = ({7}, K ek
it follows that (Pt)[U( is a (complex) matrix with identical rows, YU € Ay,
\U| > 2.

Case 2. Ay = ({i});c(p,) - Since ny,ng,...,ny—1 > 2 (here, ny_1, not ny),
Ay = ((n1)), and Ay = ({i});,y - it follows that Jw € (¢t —1) (¢ > 2) such
that At = ({l})z€<nt>, At_l = ({Z‘})i€<nt,1>7 veey Aw+1 = ({i})i€<nw+1>7 and
Aw # ({1} i,y (Mw = 2, 50, “Ay # ({i});e(n,,) " is possible). Since P, €
G\AwyAw +1» it follows that (P, );; is a matrix with identical rows, YU € A,
Ul 22 (Aw # ({i})ie(n,) = IV € Ay with [V] > 2).

(iii) and (iv) Theorem 1.9.

Theorem 1.10 was illustrated in Example 1.12. To illustrate Theorem
1.13(i)-(ii), considering Example 1.12, the matrix P; cannot be “broken” into
at least two generalized stochastic matrices with 4 rows, the matrix P, can be
“broken” into two generalized stochastic (nonnegative) matrices with 4 rows,

namely, P2<2> and P2{3’4},

I U
2 2
2 0 2
P2<2> = ;1 and P2{3’4} =1, 111 )
i 0 i1
0 % 0
the matrix P3 is [((2), {3,4})]-stable, so, (P3) and (P3); 4, are stable ma-

trices

0

s

NNV
NN

) 0

((P3)9y = <
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and the matrix P3<2> is [((2), {3,4})]-stable, so, (Pg)gi and (Pg)g>4} are stable

matrices.

Below we consider a similarity relation, and give a result about it — the re-
lation and result lead, under certain conditions, to a subset/subgroup property
of the DeGroot submodel from Section 2, see Example 2.11.

Definition 1.14. (A generalization of Definition 2.1 from [19].)

Let P,(Q) € éAg C Cmn- We say that P is similar to Q (with respect to A
and %) if
P tT=Q".
Set P~ () when P is similar to Q). Obviously, «~ is an equivalence relation on
Gay.
Example 1.15. (For another example, see Example 1.1 in [21].) Let

)

, Q= , and T =

W= = O =
L LN LN [V )
== O =
[ IINNTCINTENPN
B ©O O O
BN RN O W
S O kw

BN O R =
O R O O
ENENT NN
ENE N e N e

ISP )

We have P,Q, R € Gay, C Sy, where A =3 = ({1,2},{3,4}), and

P—+ — Q—-‘r — T—+ — (

TN
NN
~—

So, P «~ @ «~ T. Note that: 1) any matrix which is similar to P with respect to
A and ¥ has at least 8 positive entries; 2) @ has the smallest possible number
of positive entries, i.e., 8, while T has not — the matrices with a small number
of positive entries are important for algorithms (for sampling...).
The next result says, among other things, that under certain conditions a
product of matrices can be replaced with another product of matrices.
Theorem 1.16. (A generalization of Theorem 2.3 from [19].)
Let Pi,Ur € Gayas € Crynay PosUs € Gagng € Cingng, oo
P, U; € Gayay € Cryngyr - Suppose that

P-Uy, Pob U, ...,P U,
Then
P P...P U Us...Us.

If, moreover, Ay = ((n1)) and Ay = ({j}, K€);cx » where 0 # K C (ngy1),
then
(PLPy..P)K = (U1U,...U)K
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— equivalently, P1P2...Pt_1PtK = U1U2...Ut_1UtK

(therefore, when Ay = ((n1)) and Ay = ({7} ,Kc)jeK, a product of n rep-
resentatives, the first of an equivalence class included in G, a,, the second of
an equivalence class included in Ga, Ay, -, the tth of an equivalence class in-

cluded in aAt7({j})jEK7 does not depend on the choice of representatives — we

can work (this is important) with UyUs...U; UK instead of PyPy...P,_1PK
and, conversely, with PlPQ...Pt_IPtK instead of U1U2...Ut_1UtK; due to Theo-
rem 1.10, P1P2...Pt,1PtK and U1U2...Ut,1UtK are stable matrices;
PyPs..P, 1 PE = P\ P5...P, and U Us...Uy UK = UyUs...U; when K = (ng11)).

Proof. The first part is similar to the proof of first part of Theorem 2.3 from
[19]. For the second part, we consider two cases.

Case 1. |K¢ < 1. The proof is similar to the proof of second part of
Theorem 2.3 from [19].

Case 2. |K¢| > 1. We have (see Remark 1.2)

(PLPy..P)" = P P,...P, 1 PK

and
(U1 Uy...U)E = 01 U,...U; UK.

> we have PEUEK ¢ éAt,({j}) . To finish the

J€ jEK
proof, we apply Case 1 to the matrices Pi, P, ..., P,_1, P and Uy, Us, ...,
Ui_1, UtK, and obtain

Since Py, U; € G, (().6°)

P\Py..P, P = U U,...U_ UE.

For examples for Theorem 1.16, see Example 1.2 in [21] and, in this article,
Example 2.11 (in Section 2).

Remark 1.17. The equivalence relation « is, in particular, an equivalence
relation on the set of generalized stochastic complex m x n matrices. Indeed,
by Remark 1.7(b) we have that G () ny) 18 equal to the set of generalized
stochastic complex m x n matrices. Since « is an equivalence relation (with
respect to ((m)) and ({(n))) on @(<m>),(<n>), it follows that it is an equivalence
relation (with respect to ((m)) and ((n)) — see Definition 1.14 again) on
the set of generalized stochastic complex m x n matrices. Similarly, -~ is an
equivalence relation on the set of generalized stochastic real m x n matrices
and on that of generalized stochastic nonnegative m x n matrices.
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2. FINITE-TIME CONSENSUS FOR DEGROOT
MODEL

In this section, we consider the (homogeneous and nonhomogeneous) DeG-
root model and the finite-time consensus problem for this model — using the
G method, a result for reaching a partial or total consensus in finite time is
given. Then we consider a special submodel/case of the DeGroot model, and
for it we give two examples, and for the latter example (Example 2.11) we give
certain comments — a subset /subgroup property of the DeGroot submodel is
illustrated in this latter example.

Consider a group (society, team, committee, etc.) of r individuals (experts,
agents, etc.) — formally/mathematically we consider a set with r elements,
r > 2; in this article, we consider the set (r) ((r) = {1,2,...,r}, r > 2),
and we call it the individual set. Each individual has an estimation/opinion,
an initial one, on a subject (the estimation of a parameter, or of a proba-
bility, or...). The initial estimations/opinions of individuals are represented
by a (row) vector py = (pOi)ie<r) = (po1, P02, ---» Por ), Poi is the initial estima-
tion/opinion of individual 7, Vi € (r), and pg is a probability (row) vector, or
a nonnegative vector, or a real vector, or a complex vector, or... When the
individuals are made aware of each others’ opinions, they may modify their
own opinion by taking into account the opinion of others, and the modifi-
cations, if any, are done at discrete times 1,2,... — formally, we consider a
sequence (pp),~o of (row) vectors and a sequence (P,),~, of stochastic ma-

trices, p, = (pm')ie<7«> = (Pn1,Pn2s -2 Pnr) » Y0 > 0, and P, = ((Pn)z]> € S,
Vn > 1, where py,; is the estimation/opinion of individual i at time n, ¥Yn > 0,
Vi € (r), and (P,),; is the probability which the individual i assigns to the
estimation/opinion p,_i; (warning! not pg;) of individual j at time n (not
n—1),Vn > 1, Vi, j € (r). We call p, the vector of estimations/opinions (of
individuals) at time n or the value vector at time n, ¥n > 0, and P, the trust
or weight matriz at time n, Yn > 1. We also call pg the initial vector of estima-
tions/opinions (of individuals) or the initial value vector. py, is a probability
(row) vector, or a nonnegative vector, or a real vector, or a complex vector,
or..., Yn > 0. The above considerations lead to

pil = np;l_l, Vn >1

(p), and p!,_, are the transposes of p,, and p,_1, respectively, Vn > 1), and, as
a result, to
p;l = PnPn,l...Plpf), Vn > 1.

The above model [7]... is determined by the set (r) , vector pg, and stochastic
matrices P,, n > 1. Due this fact, we call this model the DeGroot model on
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(the triple) ((r) , DO, (Pn)n21> , and will use the generic name “(the) DeGroot

model”. We say that DeGroot model on ((r) , D0, (Pn)n>1) is homogeneous
if P = P, = P3 = ... and nonhomogeneous if Ju,v > 1, u # v, such that
P, # P,, and will use the generic names “(the) homogeneous DeGroot model”
and “(the) nonhomogeneous DeGroot model”, respectively.

Definition 2.1. ([7]; see, e.g., also [5].) We say that the individual set
reaches a consensus or that a consensus is reached (for the individual set) if
all v components of p, converge to the same limit as n —> oo, and we call
this limat the consensus.

Reaching a consensus for the DeGroot model — this is the consensus prob-
lem for/of the DeGroot model. When a consensus is reached, it is reached in
a finite or infinite time — obviously, the first case is the best.

The DeGroot model and its consensus problem and the consensus prob-
lem in computer science have some things in common with the finite Markov
chains — for the first three, see, e.g., [1, Chapter 5, pp. 91—124], [2]-[3], [5]-
(7], [9], [12, Chapter 8], [15], [22], [26]-[28], and [30], and for the last, see, e.g.,
[10]-[11], [13], [16], and [24]-[26] (all or some of these references could be avail-
able; arXiv and Wikipedia could also be useful... — expressions for search:
DeGroot model, DeGroot learning, DeGroot learning model, consensus (com-
puter science), distributed consensus, distributed averaging, Markov chain,
homogeneous Markov chain, inhomogeneous Markov chain, nonhomogeneous
Markov chain...).

Theorem 2.2. (A simple, important, and known result, see [7], [2]...)
Consider the DeGroot model on (<r> , Do, (P")nzl) f ILm P,P,_1...P) exists

and is a stable matriz, then a consensus is reached.

Proof. (A known proof, but we give it — the best thing is to give it.) Suppose
that lim F,P,_1...P; exists and is a stable matrix. In this case, d7, 7 is a
n—oo

probability (row) vector with r components, such that

lim PnPn_l...Pl = 6/7'('
n—00

(recall that e = e (r) = (1,1,...,1)). Further, we have

T
> TiPoi
i=1
>
! TiP0i
lim p), = nh_g)lo PP, _1..Pipy = e'mp =€ g mipoi = | i=1

n—00 4
=1

T
Z TiP0s
i=1
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Therefore, a consensus is reached; the consensus is

IS
E TiP0s -
i=1

Remark 2.3. The condition from the above theorem is only a sufficient
condition for reaching a consensus. Indeed, if

po = (2,4,3) and P, = ¥n>1

O NI N
O NI= D=

(a homogeneous case), then a consensus is reached at time 1 (a finite-time
consensus), the consensus is 3, but

11
2 2
lim P,P,1..Pr=| 3 % o[,
n—oo
0 0 1
which is not a stable matrix. Another example, a nonhomogeneous case:
12
10 3 30 0 0
p0:<2,4,),P1: 120 |,and P, = " 0 |,vn>2,
3
0 0 1 00 1

where @, is a stochastic 2 x 2 matrix, Vn > 2 — a consensus is reached at

time 1, and this is %. Note that in the above cases/examples the matrices
are reducible — therefore, a consensus, even a finite-time consensus, can be

reached even when the matrices are reducible.

The above remark is both for Theorem 2.2 and for an incorrect statement
in [7, Sec. 4, p. 119] discovered by R.L. Berger [2].

Remark 2.4. (a) If P € S, , and Q € S, p, and P is a stable matrix, then
PQ is a stable matrix. More generally, if P € Cy, , and @ € Cy,, and P is a
stable (complex) matrix, then P(Q is a stable matrix.

(b) If P € Sy, and Q € Cy, 5, and @ is a stable matrix, then PQ) is a stable
matrix, and, moreover,

PQ=Q.
More generally, if P € Cy,, and Q € C,,, P is a generalized stochastic

complex matrix (see Definition 1.3) and @ is a stable (complex) matrix, then
PQ is a stable matrix, and, moreover,

PQ=Q,
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but only when P is a stochastic complex matrix.
(¢) (simple and important proprieties of the (homogeneous and nonhomoge-
neous) DeGroot model) Consider the DeGroot model on <<r> , Do, (Pn)n>1> .
(cl) If P,P;,_4...P,, is a stable matrix for some t and m, t > m > 1,
then (see (a) and (b))
P,Pyy...P,

is a stable matrix, Vn > ¢, and, moreover,
PnPn_l...Pl = ]Dt]Dt—lu-Pl, Vn Z t.

This fact leads to other ones: 1) the sequence of matrices (F,),,>;,; does not
count, it can be replaced with any other infinite sequence of stochastic r x r
matrices; 2) a consensus is reached in a finite time, and it is

I8
E TiP0i»
i=1

where m = (7T1,7T2,...,7T7«), ™ = (PtPt—l-"Pl){i}a Vi € <7“> (PtPt—l---Pl is a
stable matrix, i.e., a matrix with identical rows; (PtPt_l...Pl){i} is the row ¢
of PP _1..P, Vi€ <’I”>)

(¢2) If (PP,_y...P1)" is a stable matrix for some ¢ and K, ¢ > 1 and
) # K C (r), then (see Remark 1.2(b) and (b))

(PyP_y..P)"
is a stable matrix, Vn > t, and, moreover,
(PPy_y1..P)S = (PP_1..P)" W >t

—vVn >t PP, 1..PL=PP_4..P; and P, P,_1...P; is a stable matrix when
|K¢| = 0; Vn > t, (PyPu1..P)* = (PP_1..P)" and (P,P,_1..P)" is
a stable matrix — P,P,_1..Pi = P,P;_1...P; and P,P,_1...P; is a stable
matrix when |K¢| = 1 because the matrices Py, b > 1, are stochastic; so,
Yn >t, PP, 1..Ph = PP;_1..P, and P,P,_1...P; is a stable matrix when
|K¢| < 1.

Below we give a fundamental result concerning the finite-time partial and
total consensuses (for reaching a partial or total consensus in a finite time).

Theorem 2.5. Consider the DeGroot model on ((r} ,po,(Pn)n21). If

P € Gaony € Sr, Po € Gagno, € Sr o, P € Gagyn, © Sr, and
A¢y1 = ((r)) for some t > 1 and

AL = ({5} K9 e (04 K C (1),
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then
(P,Pi_y..P)%
(equivalently, P;P,_1...PoP{) is a stable matriz,

U {1 _
(PPr—1.. Py = (PP PH)es T = Pt PPy (PE) T Vi (r),

where
(PlK) -+ _ (PlK) —+(22,({1});ex)

U {{7}}
((PtPt,l...Pl)g} is the row © of matriz (PtPt,l...Pl)K; (E7+PtiJ{...Pf+)J€K

is a submatriz of P, TP T..P[ " (see the definition of operator (')(') again);

Pt = Pb_+(Ab+1’Ab), Vb € (t); we used {{j}} because the labels of columns of
PP P are, here, {j}, j € (r), when |K¢| <1 and {j}, j € K, and
K¢ when |K¢| > 1 (see the definition of operator (-)~ " again)), and

U {71}
(PP P)N = (PP Py t)es =

— P PPyt (PE) T,
where e = e (r). Further, since
p;L = PnPn—1mP1p6
and (see Remark 2.4(c2))

(PuPy_1...P)S = (PP_..P)" , Yn>t, if |[K°>1

and
Pnpnfl...Pl = PtPtfl...Pl and..., Vn 2 t, Zf |Kc| S 1,
we have
—+ p— —+
Z (Pt +Pt:{'~P1 )<r>{j}p0j
JEr)
if K¢ <1,
Pnl = _ _ -~
> (BTTR P iy Poi + X (PuPa1eP)y, Pou
JEK ucKe
if |K€¢ > 1,
Vn > t, VI € (r) (when |K¢| > 1, we can replace (Pt_+Pt__J{...P1_+)<T>{j} with

(P{JFP[_}L...PQ_JF (PlK)_Jr)( >{.}; P TP ...P[ " has just one row, and the
)4
label of this row is (r)) — when O # K C (r) (K = (r) or K # (r)), the linear
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combination of po;, j € K, namely, > (Pt_+Pt__*1'...P1_+)<r>{
€K

depend on n and | when n > t, and, Jtherefare, a partial or total consensus is

reached at time t (the linear combination of poj, j € K, at time/step t is kept

at any time n >t — the utilization of phrases “partial consensus” and “total

consensus” are thus justified); when |K¢| < 1, a (total) consensus is reached

at time t and this is

i) Poj does not

Yo (BTPILPTY) gy pos
JE(r)

when |K€¢ > 1,

;{ (Pt_+Pt_—J1r--~P1_+) ({5} P03
je

is a partial consensus reached at time t for the initial opinions, poj, j € K,
of individuals from K and the linear combination of pou, u € K¢ namely,

> (PyPy—1...P1);, Pou, depends or not on n and l. (See also Remark 1.11.)
ucKe

Proof. Theorems 1.10 and 2.2 and Remarks 1.2(b) and 2.4, (b) or (c). (Using
Remark 1.2(b), we have

(PyPy_1..P)" = PPy 1..Piy1 (PP1..P)" = (P,P_1..P)" , Vn >t

— the latter equation follows from the fact that (PtPt_l...Pl)K is a stable
(stochastic) matrix (P, P,—1...P;+1 vanishes when n=t).) 1

Remark 2.6. (a) P € G({i})i€<n>,({i})ie<n
Remark 1.7(a)).

(b) A case, an interesting one, of Theorem 2.5 is when A} = Ay = ... =
Au = ({i});eqy and Aupr # ({1});e(y for some u, 2 < u < ¢ (due to (a),
“Pr € Gayn,, Po € Gagngy -y Pu—1 € Ga, A, ;" holds without problems).
In this case, a (total) consensus is reached.

. VP € S,, where n > 1 (by

(c) On Theorem 2.5, our interest is to have a set K as large as possible
and a natural number ¢ > 1 as small as possible — interesting optimization
problems.

Below we give two examples to illustrate Theorem 2.5; Remark 2.6(b) is
illustrated in the next example.
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Example 2.7. Consider the DeGroot model on <<7‘> , PO, (Pn)n21>, where

r=4,p=(2,4,1,1
1

4

0
=\,
8
3
16

1

4

0

Py=| |
4

1

8

o= O k= O

S= ol mim O

Bl O il N

B0 RN O

W00 N W[

o

2
1
3
4
1 7P2:
4
1
4
, and Py =

NSV SN LN

O o0l ool

)

), and the first four matrices are

o O o O

— O oolw ool

B R= O O

O O hlw W

S O ool ojwe

= 0ol 0oIN

0

We have P € Ga,a,, Po € Gagn,, and P3 € Ga,a,, where Ap = Ay =
({7})je(a) (see now Remark 2.6(b)), Az = ((2),{3,4}), and Ay = ((4)) (P1 €
GA,.A4, but this thing does not count here). By Theorem 2.5 (or by Theorem
1.10), P3P, P; is a stable matrix (P3P» is also a stable matrix). Further, we

have

Pytpy Pt = (

so, the consensus is

[N

1
4

o

i

55
256

Pyt Py Py =

1 3
4004>
3 1

1030

9 88 104
256 256 256

)

Sfe ol O i

Sl= o= aim O

110 + 36 + 88 + 104 338

256

"~ 256

BN RN O e

L i N GRS ]

(it is reached at time 3). The sequence of matrices (FP,),~, does not count
— this can be replaced with any other infinite sequence of stochastic 4 x 4
matrices (see Remark 2.4(cl)).

Example 2.8. Consider the DeGroot model on ((r) , D0, (Pn)n21) , where
r =4, pp = (10,20,2,4), and the first two matrices are

Py

o o geg

Slegl~gle ©

and P, =

Sho Sl S5l

Sk gleegles ©

S=gl=gls <

Sl Sler S Sl
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We have P € Ga,a, and Py € Gayn,, where Ay = ({1},{2},{3,4}),
Ay = ({1,2},{3,4}), and Az = ((4)). So, by Theorem 2.5 (or by Theorem
1.10),

(PgPl){l’Q}

is a stable matrix. Further, we have

2 1 7
—+p—+_ (4 6 0 10 10 | _( 8 22 170
Py P = (1 1())(037)_(100100100)'
10 10
So (see Theorem 2.5),
8 22
Pnl = m -10 + m -20 + (Pnpnfl‘---Pl)lg -2+ (PnPnfl‘---Pl)M -4 =

=52+4+2(P,Py1..Pr);g + 4 (PuPy_1...Pr)y, Yn>2, Vi€ (4)
— the linear combination,

8 22
ﬁ-10+m-20,

for the initial opinions 10 and 20 (of individuals 1 and 2) holds at any time
n > 2; the consensus, this is a partial consensus, for the initial opinions 10
and 20 is 5.2, and is reached at time 2.

Below we consider a possible case of the DeGroot model on ((7"> , 00, (Pr) n21)
— a submodel of the DeGroot model which works from small subsets (sub-
groups of individuals) of (r) to larger and larger subsets of (r) until the whole
set (r).

Let Ay, Ag,...;,Ary1 €Par((r)), » > 2, t > 1. Assume that A; < Ay =<
e DAy, Ay = ({j})j€<r>, and A.y; = ((r)). Consider the DeGroot model
on ((r} , PO, (Pn)n21> , where the matrices Pi, P, ..., P._1 (not Pi, Ps,..., P;)
when t > 2 have the property

(P =0, Vie(t-1),VK,L e Ajyy, K#L
(this assumption implies that P is a block diagonal matrix, eventually by per-

mutation of rows and columns, and A ;-stable matrix on A q, VI € (t — 1)).

Remark 2.9. Theorem 2.5 holds, in particular, for the above DeGroot
submodel when Py € Ga,a,, P2 € Gagngs oo P € Gapy A,

To illustrate the DeGroot submodel, we give two examples.

Example 2.10. Consider the DeGroot model on <<r> , Do, (Pn)nzl) , where

e, (123112
T PT 1010107107107 10 )
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and the first three matrices are

1 1
11 1000
2 1 1 1
3 3 3 030
103 111 1
j 11 R 7
2 01 00
0 1 1 0
10 L 2
and
10 0 0 0 O
1101 1 1 1
6 6 6 6 6 6
01000 0
Py =
01000 0
001 0 0 O
1101 1 1 1
6 6 6 6 6 6

Taking Ay = ({j})j€<6)7 Az = ((2),{3,4},{5,6}), Az = ((4),{5,6}), and
A4 = (<6>) , We have Al j AQ j Ag j A4 and

3,4} __ ,6 2 _ s
(P1)§2> b= (Pl)‘<{25> — (P1)§3{4} = (Pl)gﬁ — 0,

2 3,4 6 4
(Pl)gﬁ} = (Pl)}w{ —0, (PZ)g’> Y —0, and (P2)§5{6} -0

— the conditions of the DeGroot submodel are satisfied, and thus we have an
example for this submodel. Learning begins with the small subsets (subgroups
of individuals) (2), {3,4}, and {5,6} of (6), the larger subsets (4) and {5,6}
of (6) are then used, then the whole set, (6), is used. Theorem 2.5 cannot be
applied for Ay, Ag, Ag, and Ay because Py ¢ Ga, A, (moreover, Py & Ga, a,)-

In the next example we show that our DeGroot submodel on <<r> , po,(Pn)n21>

has a subset/subgroup property when Pi € Ga, A, P2 € Gagng, -
P e GAH—hAt'

Example 2.11. (The subset/subgroup property illustrated.) Consider the
DeGroot model on ((r} , Do, (Pn)n21> , where

e, (123112
TP T 1010107107107 10 )
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and the first four matrices are

4 6 3 4 3
10 10 10 10 10
4 6 2 5 3
10 10 10 10 10
1 1 6 3
P = . . Py = 10 10 101 :
1 9 2 8
10 10 10 10
1 9 4 6
10 10 10 10
3 2 5 2 2 2 1 1 2
10 10 10 10 10 10 10 10 10
2 4 4 1 3 2 1 2 1
10 10 10 10 10 10 10 10 10
1 6 3 1 2 3 2 1 1
10 10 10 10 10 10 10 10 10
Py = 118 |PPA= s 2 11 1 2
10 10 10 10 10 10 10 10 10
1 2 7 1 4 1 2 1 1
10 10 10 10 10 10 10 10 10
1 1 8 1 4 1 1 1 2
10 10 10 10 10 10 10 10 10

It is easy to see that this model satisfies the conditions of DeGroot submodel
for Ay = ({j})j€<6> s A = (<2> 7{3} ) {4} ) {57 6}) ; Ag = (<3> 7{4} ) {576}) ’
Ay = ((3),{4,5,6}), and As = ((6)). We have P, € Ga,a,, P» € Gay.n,,
P; € Ga,ny, and Py € Gaga,- By Theorem 2.5, Py P3P P is a stable matrix,
so, a consensus is reached at time 4... — the continuation, using Theorem
2.5, is left to the reader (see also Example 2.7). Further, we comment on
the matrices P, P», P3, and P,, and use Theorem 1.16. An interpretation
of P, (at time 1 — see the DeGroot model again): the individuals 1 and 2
negotiate — negotiation, a good idea —, and agree the same probability, 1%,
for the initial opinion/estimation of individual 1, i.e., for po1, and, separately,
the same probability, 1%, for the initial opinion of individual 2, i.e., for pgo;
the individuals 5 and 6 proceed similarly; the individuals 3 and 4 do not
negotiate... An interpretation of P» (at time 2): the individuals 1, 2, and 3
negotiate, and agree the same probability, % (% = %—1—14—0 = 1%4—1% = %—i—%),
for the opinions of individuals 1 and 2 at time 1 considered together, i.e., for
p11 and p1o considered together, and, separately, the same probability, %, for
the opinion of individual 3 at time 1, i.e., for pi3; the individuals 5 and 6
renegotiate, and agree the same probability, 1 (1 = 1—20 + % = % + %), for
their opinions at time 1 considered together, i.e., for p;5 and pig considered
together; the individual 4 does not negotiate... An interpretation of P; (at time
3): the individuals 1, 2, and 3 renegotiate, and agree the same probability,
1 (1= %+%+% = %+%+14—0 = 1—10+%+1%), for their opinions
at time 2 considered together, i.e., for po1, pog, and po3 considered together;
the individuals 4, 5, and 6 negotiate, and agree the same probability, %, for
the opinion of individual 4 at time 2, i.e., for pa4, and, separately, the same
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probability, 1% (1% = %O—i-% = I%—FI% = 1—10—1—18—0), for the opinions of individuals
5 and 6 at time 2 considered together, i.e., for pas and pog considered together.
An interpretation of P, (at time 4): all the individuals negotiate, and agree
the same probability, 1% (1% = % + % + % = % + 1% + 1% = ...), for the
opinions of individuals 1, 2, and 3 at time 3 considered together, i.e., for psi,
p32, and ps3 considered together, and, separately, the same probability, 1%
(% = % + % + % = %0 + 1% + %0 = ...), for the opinions of individuals 4,
5, and 6 at time 3 considered together, i.e., for ps4, pss, and psg considered
together. The negotiations and renegotiations took place from small subsets
(of (6))/subgroups to larger and larger subsets/subgroups until to the whole
set/group. By Theorem 1.16, P, can be replaced with any matrix which is
similar to it, such as,

3 4 3
10 10 10
3 4 3
10 10 10
3 4 3
10 10 10 — p!
1 B
1 0
01
and
7 3
v 0 1
7 3
0 1% 10
7 3
E 0 TO _ /!
1 -« 2-
01
1 0
. (2)
The matrices (P2)<3> ;
3 4
o 120 150
(P2)<3>: 0 10 ’
1 6
10 10

—~
&

Slee Bles Zles
[
o
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and (P§)(3)

—
g
S—
—
\"2
Il
SEESESS
o BN o

(each of them has 6 entries,

* %
* %
* %

Y

“x” stands for a positive or zero entry), have the property, a subset/subgroup
property: the row sums are equal to % — only the row sums count, not the
positions of positive entries, but at least one entry must be positive in each row
(because % > 0), only 1—70 counts, % is the probability... (see above), and this
probability is for the subset (2) of (6). Among P», P}, and Pj, PJ is the best
because it has the smallest number of positive entries — these are the positive
probabilities for the subsets involved here: {5 for (the subset) (2) (15 = the
probability assigned by the individual ¢ for the opinions of individuals 1 and 2
at time 1 considered together, Vi € (3)), i for {3}, 1 for {4}, and 1 for {5,6}.
Similarly, P; and Py can be replaced with any matrices, Q3 and (4, which are

similar to P3 and Py, respectively. By Theorem 1.16 we have
PyP3sPyPy = PyP3PiPy = PyP3P) P = PyQ3Po P = ...

(we can work with PyPsPyPy, or with PyP3P,P;, or with...). Note that P,
Py, and P5 are reducible while Py is irreducible (being positive), but the last
matrix can be replaced with any reducible matrix which is similar to it, such
as,

L 00+ 00
4
L 00+ 00
5 00 f 00|
6 4 =Us
L 00 F4 00
6 4
L 00 & 00
6 4
L 00 4 00

— Py, P, P3, and Uy are reducible, but, interestingly, Uy P3 P> P; is irreducible
(because it is positive — it is also stable).

For other examples for the DeGroot submodel, see, in the next section,
Remark 3.7.
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3. FIINITE-TIME CONSENSUS FOR DEGROOT
MODEL ON DISTRIBUTED SYSTEMS

In this section, we consider the finite-time consensus problem for the DeG-
root model on distributed systems (for these systems, see, e.g., [6], see, e.g.,
also [4]) — this section can also be useful for the study of other systems, such
as, the multi-agent systems (for the multi-agent systems, see, e.g., [14], [23],
and [29]). For the DeGroot model on distributed systems, using the G method
too, we have a result for reaching a partial or total (distributed) consensus in
a finite time similar to that for the DeGroot model for reaching a partial or
total consensus in a finite time (see Remark 3.2(b)). We show that for any
connected graph having 2™ vertices, m > 1, and a spanning subgraph isomor-
phic to the m-cube graph, distributed averaging is performed in m steps —
this result can be extended — research work — for any graph with nins...n;
vertices under certain conditions, where ¢, ni,ns,...,n; > 2, and, in this case,
distributed averaging is performed in t steps.

Let § = (V, &) be a (nondirected simple finite) connected graph, where V is
the vertex/node set and & is the edge set. (A simple graph is a graph without
multiple edges and loops.) Suppose that V = (r), and that » > 2. The edge
set € is a set of 2-element subsets of (r), so,

Ec{{ijtlijer), i#j} (E#0)

—e.g., € =4{{1,2},{1,3},...,{1,7}} (r > 2). This graph, on the distributed
systems or not, can be a mathematical model for a network of computers,
processors, or sensors, for a team, when the graphs are involved, of robots,
aircraft, or spacecraft... Set

N;={j|je(r) and {i,j} €&}, Vie (r).

N; is called the set of neighbors of i, Vi € (r). i ¢ N;, Vi € (r). Suppose that
each vertex/node i € (r) holds an initial value, say, qo;, goi € R, and we call
the vector
qo = (QOi)Z‘E<T> = (QOLQO% -~-7€I0r)
the initial value vector. We use homogeneous and nonhomogeneous linear
iterations: at each time n > 1 (n € N*), each vertex ¢ updates its value as
(see, e.g., [27] and [30] — only the homogeneous linear iterations are considered
in these articles)
gni = Z (Wn)w Gn—1j,
Je{ituN;
where (W,);; € R, Vj € {i} UN;, (Wy),; is the weight on g,—1; at vertex i at
time n, Vj € {i} UN;. Set the (row) vector

dn = (Q'rli)7;€<r> = (QTL17Q7127 '-‘7Qnr) P Vn 2 0
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— using go, we obtain ¢q; (see above), using ¢1, we obtain g2... We call the
vector g, the value vector at time/step n, Yn > 0 — the value vector at time
0 is also (see above) called the initial value vector. Set the real r x r matrix

W = ((Wn)ij)i,je(r> ’

;; was defined above, Vi € (r), Vj € {i} UN;, and

(Wh);; =0if j & {i} UN;, Vi€ (r)

(we can have (Wp);; = 0 even when j € {i} UN;, where i € (r) and n > 1),
VYn > 1. We call the matrix W,, the weight matriz at time/step n, Vn > 1.
W, n fixed, is symmetric or not (each (nondirected/undirected) edge can be
considered as two directed edges). Obviously, we have

Gy = Wndy—y = WaW,_1.. Wigy, VYn > 1

(¢}, is the transpose of ¢...).

The above model is a DeGroot-type model — compare this model with the
DeGroot model from Section 2. It is determined by the graph G, real vec-
tor qg, and real matrices W, n > 1. Due these facts, we call it the DeGroot

model on (the triple) (9, qo, (Wn)n21> , and will use the generic name “(the)
DeGroot model on distributed systems”. We say that the DeGroot model on
(9, Qo, (Wn)n21) is homogeneous if W1 = Wy = W3 = ... and nonhomogeneous

if Ju,v > 1, u # v, such that W,, # W,,, and will use the generic names “(the)
homogeneous DeGroot model on distributed systems” and “(the) nonhomo-
geneous DeGroot model on distributed systems”, respectively.

Note that the DeGroot model on ((r) , D0, (Pn)nZI) (see Section 2) is triv-

ially identical with the DeGroot model on (Kr,pg, (Pn)n21) , Vr > 2, Vpo, po

is a real vector here, ¥ (Pp),,~1, (Pn),>; is a sequence of stochastic matrices
here, where X, is the complete graph with r vertices, Vr > 2 — moreover, it

is identical with the DeGroot model on <91,p0, (Pn)n21> ,Vr > 2, Vpg, po is a

real vector here, V (P,),> , (Pn),> is a sequence of stochastic matrices here,
where G = (V1,&1), V1 = (r) and

81:{{2',]'} ’ i,j € (r), i # j, and In>1 such that (P,);;>0 or (Pn)ji>0}.

Definition 2.1 (from Section 2) and the first part of the next definition are
similar.

Definition 3.1. (See also [27] and [30].) Consider the DeGroot model on
(S,qo, (Wn)n21> . We say that the graph G reaches a (distributed) consensus
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if im W,W, _1...W7 exists and is a stable matriz. Set
n—oo
Ws = lim W, W, _1..W
n—oo

when lim W, W,,_1.. W7 exists.(Wx is a real r X r matrixz.) In particular, if
n—oo

we say that the graph G performs distributed averaging (e=e (r)=(1,1,...,1);
e’ is its transpose).

Reaching a distributed consensus for the DeGroot model on distributed
systems — this is the (distributed) consensus problem for/of the DeGroot
model on distributed systems, and is similar to the consensus problem for the
DeGroot model. When a distributed consensus is reached, it is reached in a
finite or infinite time — obviously, the first case is the best. When distributed
averaging is performed, it is performed in a finite or infinite time — the first
case is also the best.

When the graph G performs distributed averaging, each vertex holds the

T
average of initial values, % >~ qoi — an interpretation (see, e.g., [30, p. 65]):
i=1
if qo; is the amount of a resource at the vertex i, Vi € (r), then the average is
the fair or uniform allocation of the resource across the graph; an application
(see, e.g., [22, p. 228]): clock synchronization (by averaging) in distributed
systems.

For more information concerning the above things, see, e.g., [15], [27], and
[30].

Recall that the DeGroot model and its consensus problem and the con-
sensus problem in computer science have some things in common with the

finite Markov chains — some references are given in the first paragraph before
Theorem 2.2 (in Section 2).

Remark 3.2. (a) Concerning the (total) distributed consensuses, obviously,
we have a theorem similar to Theorem 2.2 and a remark similar to Remark
2.3.

(b) Concerning the finite-time partial and total distributed consensuses (for
reaching a partial or total distributed consensus in a finite time), only when
the matrices at times ¢t +1, t+2, ... are (see Definition 1.3) stochastic real (the
matrices at times 1, 2, ..., t being (stochastic or nonstochastic) real), we have
a theorem similar to Theorem 2.5 and remarks similar to Remarks 2.4(c) and
2.6(b)-(c).
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(c) Concerning distributed averaging, if we construct/find ¢ matrices, Wy,
W, ..., Wy (t > 1), such that

WtWtfl...Wl = 6/ <1, 1, ceey 1> 5
rr r
it makes no sense to construct other matrices — however, if the reader wants
to construct a sequence of matrices, (W), <, , such that Wo = W, W;_;...W7q,
she/he can take, e.g., Wyi1 = Wyio = ... = I., where I, is the identity matrix
of dimension 7.

Below we give a result for finite-time (total) distributed averaging — an
application of the G method (more precisely, of Theorem 1.10)...

Theorem 3.3. Let § = (V,€) be a (nondirected simple finite) connected
graph. Suppose that |V| = 2™, m > 1. Suppose that G has a spanning subgraph
isomorphic to the m-cube graph, Q,,. Then there exist the weight matrices
Wi, Wa, ..., Wy, such that distributed averaging is performed for G in m steps
(for any initial value vector qp). (See Remark 3.2(c) again.)

Proof. It is sufficient to consider the case when § = Q,,, — Theorem 3.3 gives
the best possible number of steps, m, for distributed averaging for this graph
because the diameter of Q,, is equal to m. Further, we consider this case, and
using the G method, we show that distributed averaging is performed in m
steps.

Consider that V = {0,1}"™ and

€={{z,y}| 2,y € {0,1}"™ and H (2,y) =1},

where H is the Hamming distance (the edge set & is a set of 2-element sub-
sets of {0,1}"™; © = (x1,22,...,2m)...). Consider the stochastic matrices —
stochastic matrices here! — Wi, Wy, ..., W,,, (see Remark 3.2(c) again),

(W) =

(1,22, sTm ) (21,22, Tm)

- (VI/Z)(xl7x27"'7z777«)(xl7x27“'7x7n—l7($m—l+1+1) m0d27x7n—l+27"'7$m) - 57
m
vi e <m>7 V(l’l,l’g,...,l’m) € {07 1} ((Wl)(xl,mg,...,mm)(zl,mg,...,zm)
(21,22, ey ) 5 (X1, X2, ooy T ) ) Of Wieits Tin—1425 Tin—i43, 5 --es Ty, Vanish when
[ =1; 1,29, ..., Ty vanish when | = m; obviously, Wy, Ws, ..., W,,, are sym-
metric matrices). Let

is the entry

U(x17x27~--azv) =
:{(y17y27 ceey ym) ‘ (yla Y2, )ym) S {07 1}m and Y = T1,Y2 = T2, .., Yp = Ty }7
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Vv € (m) . Consider the partitions
A= (U

961’962""’96“””_“'1))(961,362,~~~,90m7t+1)E{Ovl}m_w1 , VEE <m>’

and
Ami1 = ({0,1}™)
of {0,1}™ . Obviously,
A1 = (Uaraseewn)) orms, . aomyetony = {8eeqonym -

We have W; € Ga,,, A, VI € (m) — we prove this statement. Let [ € (m) and
K € A4, It follows that

. { {0, 1} if [ =m,

Utsr 30,2, ) fOr some (x1, 22, ..., 2m—1) € {0, 1}m7l ifle(m—1).
Case 1. | = m. In this case, Apy1 = ({0,1}") and Ay, = (Uyg), Ufyy) - Let
(x1, 22, ..., Tp) € {0,1}™ . Since {0,1}™ = Ug) U Uy, it follows that
(71,2, s Tm) € Uy or (w1, T2, ..., Tmm) € Upy).
If (z1,22, ..., 7m) € U), then
((x1 + 1) mod 2, z2, ..., zm) € Uy;
if (z1,2,...,zm) € Uy, then
((z1 + 1) mod 2, z2, ..., zm) € U(g).

Further, by the definition of W,,, we have W,, € Ga

m+17Am'
Case 2. 1 € (m — 1) . In this case,
K =Ug, 9,2, for some (z1,22,..., 2m—) € {0, 1}m_l.

Further, we have K = Uy g, 21,00 Y Utzy 2o, .20_1,1)» Where, obviously,
Ular,wssm1,0) Ul oz 1,1) € A Let (x1,22, ..., Tm) € K. It follows that

('1"17 L2, ..y CL’m) € U(ml,mg,..@m_l,()) or (l’l, L2, ... l’m) € U(x1,1’2 ..... Tm—1,1)°
If (1,29, ..., Tm) € Ulzy,za,w_1,0)5 then

Tm—141 = 0 and (xlv L2y ooy Tm—1, 1) Tm—1+425 -+ xm) € U(ml,mg,‘..,mm,l,l);
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if (x1,22,...,2m) € Uty wo,som_1,1)> then

Tm—14+1 = 1 and (.Tl,fL'Q, ...,wm,l707$m,l+2, 7$m) € U(;EL:CQ,...,‘Z‘m,l,O)'

Further, by the definition of W;, we have W; € Ga, , A, The statement
was proved. Further, since W; € Ga,,,a,, VI € (m), by Theorem 1.10,
Wi Wim—1...W1 is a stable matrix and

W W1 Wy = W, YW, * W .

Since
41—+ -+ _
W, "W T W =
1 1
2 32
1 1 1 1
—(L 1)z 2 2 2 _
—\2 2 1 1 -
2 32
1 1
2 32
_ 1 1 1
=( o o= a7 )
we have

o = (Wme_1---W1q6)l _ (%(0,0,...,0) d0(0,0,...,0,1) %(1,1,...,1))

om om s een om

-----

value vector) qp...). So, distributed averaging is performed in m steps. I

Example 3.4. To illustrate Theorem 3.3, we consider the 3-cube graph,
Q3. In this case, we have V = {0,1}” and

8:{{56,3/}‘ z,y € {0,1}° andH(x,y)zl} =

= {{(0,0,0),(0,0,1)},{(0,0,0),(0,1,0)},...,{(1,1,0),(1,1,1)}}.

Further, we have

(0,0,0) i 3
(0,0,1) i3
(0,1,0) i3
1 1

le (0,1,1) 2 2 L
(1,0,0) 11
(1,0,1) 11
(1,1,0) 11
(1,1,1) 11
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(the columns are labeled similarly, i.e., using the lexicographic order from left
to right),

(0,000 (3 0 3 0

(0,0,1) 0 3 0 3

(0,1,0) 3 030

1 1

W, — (0,1,1) 0101

1 1 )
(1,0,0) 1010
1 1
(1,0,1) 010 3
(1,1,0) 1ot
(1,1,1) 0o io0!
(0,0,0) 0003000
(0,0,1) 0 0003 00
(0,1,0) 003100010
1 1
e LD 000320003
3 1 1

(1,0,0) 10003000
(1,0,1) 03 000300
(1,1,0) 00io0004%0
(1,1,1) 000340001

Further, we have
U(:m,m,acg) = {($17$2>$3)}7 v($17$2ax3) € {07 1}37
U(O,O) = {(07 0, 0) ’ (07 0, 1)} ) U(O,l) = {(O 1 0) ’ ( L 1)} )
U(l,O) = {(17 0, 0) ) (17 0, 1)} ) U(l,l) - {(17 170> ; ( ) 1)} )
U(O) = U(O,O) U U(O,l) = {(07 07 O) ) (Oa Oa 1) s (07 17 )
Uy = Uao YUan =1{(1,0,0),(1,0.1),(1,1,0) 3

Further, we have

Ay = ({(1‘1, 2, x3)})(;¢1,$2@3)6{071}3 = ({(07 0, 0)} ) {(O> 0, 1)} PR {(17 1, 1)}) )

Ag = (U0,0):U0.1), U0 Ut ny)
Az = (U, Un)) »

As= ({0,15)
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(A4 is the improper (degenerate) partition of {0,1}® — A4 has only one set).
Further, we have W1 € Ga, A, Wa € Gayn,, W3 € Gay ay; further, we have

W tWy Tt =

NI
N[

(3 1)

N[ —

N[ =
N[ =
NI
N—

[N

[N
D[
D[

Il

NI~
N[ —

(5 o %)

By Theorem 1.10 (WsWoW; = /W5 "W, "W, ™) or by direct computation,

1 1 1
1 1 0 1
23 23 23
WsWoWy = |
111

3 3

23

N
N

Finally, we have (V = {0, 1}3, so, |V| = 23; 0(0,0,0) 1s the component (0,0, 0)
of qp...)

q q q
g = (WaWaWagp)' = (Fog2, 200 202

93 93 T o3

— distributed averaging is performed at time/step 3 (for any initial value
vector ¢p). To understand Theorem 3.3 and this example better, the reader,
if she/he wants, can compute the value vectors ¢; and ¢2. Note that the
matrices W1, Wy, and W3 are symmetric, but by Theorem 1.16, W and Wj
can be replaced with nonsymmetric ones.

Remark 3.5. (Research work — find the graphs.) Theorem 3.3 can be
extended for any connected graph with nins...n; vertices, where ny, ns, ...,
ny > 2 (preferably prime numbers), and having a spanning subgraph for which
Theorem 1.10 can be applied for ¢ stochastic matrices... — we will perform
distributed averaging in ¢ steps.

For the above remark, we consider the next example.

Example 3.6. (Suggested by Example 2.11 from [17], which refers to
the uniform generation of permutations of order m.) Consider the graph
Gs = (V3,€3), where V3 = S3, S3 = the set of permutations of order 3,
and €3 = the union of edge sets of nondirected graphs of matrices W7 and Wa,
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where L
(123) 7 2
1 1
(132) 2 2
1 1
- (213) i3
1= 1 1 )
(231) 11
1 1
(321) 11
(312) 11
(123) 10 20 %0
(132) 0203 0 3
1 1 1
W (213) 03100 %
2= 1 11
(231) 0 3 0% 20
(321) 00 % 10
1 1 1
(312) 0 5 5 00 3

The matrices Wi and Ws were obtained by the swapping method — for this
method, see, e.g., [8, pp. 645—646]. By Theorem 1.10 (W; € Ga,a,, W2 €
GAs,A,, Where...) or by direct computation,

11 1

6 6 6

11 01

6 6 6
WoWr =1 . .

11 1

6 6 6

so, distributed averaging is performed, in this case, at time 2 (3! =6 =2 - 3).
Note that the graph Gs is a 3-regular graph and is not isomorphic to the
triangular prism graph, which is also a 3-regular graph — G3 can be replaced
with any graph with 3! vertices which has a spanning subgraph isomorphic to
G3. For the triangular prism graph, using the G method, distributed averaging
can also be performed at time 2 — an exercise for the reader.

The above example can be generalized for G, = (V,&n), Vi = Sy,
S, = the set of permutations of order n... Due to the swapping method,
n(n—1)

this graph must be an ——— - regular graph — a necessary but not sufficient

condition (see the above example).

Remark 3.7. (a) For the DeGroot model on distributed systems, labelling
the vertices of (involved) graphs is an important problem — a good/suitable
labelling can lead to a good/fast algorithm (see Theorem 3.3 and its proof and
Examples 3.4 and 3.6).

(b) Theorem 3.3 and its proof and Example 3.6 (see also Remark 3.5) lead to
possible cases for the DeGroot submodel (from Section 2) on graphs/networks,
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in each case, a consensus being reached in a finite time — for the DeGroot
model on graphs, see, e.g., [9] and [12].

For the distributed consensuses (in particular, for distributed averaging),
we could combine the G method with other methods, obtaining certain hybrid
methods: we could use the G method for subgraphs, we could use the G
method together with the flooding (for this method, see, e.g. [30, p. 65], see,
e.g., also [22, p. 228]), we could use a leader vertex or more... This idea can
be developed — another research work —, but we give only an example, the
next example.

Example 3.8. Consider the graph from Fig. 1 in [30] (this graph is also
considered in [27, Fig. 1]) — the weights from there are not taken into account.
This graph, say, G, can be obtained from the wheel graph Wg and complete
graph X5 by edge merging. Consider that the vertices of K5 are 1, 2, 3,4, 5
and the vertices of Wy are 1, 2, 6, 7, 8, and that 8 is the universal vertex of
Ws, 6 is adjacent to 1 (6 is also adjacent to 8), and 7 is adjacent to 2 (7 is
also adjacent to 6 and 8)— {1, 2} is the common edge of W5 and X5. Consider
that the initial value vector is gg. First, we consider the subgraph W5 of G. For
this subgraph, we consider that the initial value vector is q(()l) = qo |{1,2,6,7,8}»

o |11,2,6,7,81= the restriction of go to {1,2,6,7,8}. Consider the matrix Wl(l)
with rows and columns 1, 2, 6, 7, 8,

11 1

5 5 5

11 1

a 5 5 5
Wy = .

1 1 1

5 5 5

Wl(l) is a stable matrix, and, therefore, Wl(l) e G where

INOUNGE
A = ({1} {2} ,{6},{7}.{8}) and ALY = ({1,2,6,7,8}) — a trivial case
for the G method, more exactly, for Theorem 1.10. Further, from

<q§1)>/ = Wl(l) (Q(()l)), = Wl(l) (QO ’{1,2,6,7,8})/7

we obtain

q§1): é Z (Ioué Z qu,u-,% Z qoi | >

i€{1,2,6,7,8} i€{1,2,6,7,8} i€{1,2,6,7,8}

qil) is the value vector at time 1 for the subgraph Ws. Second, we consider the

subgraph of § with vertices 1, 3, 4, 5 and isomorphic to the complete graph
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X4. For this subgraph, we consider that the initial value vector is

- . — (2
q0i, 903,904,905 | ‘= 4y -
i€{1,2,6,7,8}

(G20

Consider the matrix Wl(z) with rows and columns 1, 3, 4, 5,

W =

00| Ut 0olUT OOt OOl
0ol ol 0ol 0ol
0ol OOl 0ol 0ol
00| 00— o] Co|—

W1(2) is also a stable matrix. Further, from

(A7) = (7).

we obtain

@ _ (1 1 1 1 .
q, " = g Z q0i, g Z q0i, g Z q0i, g Z qoi )
1€(8) 1€(8) 1€(8) 1€(8)

q§2) is the value vector at time 1 for the above subgraph. Consider that the

vertex 1 (it can be a leader) transmits the average § > qo; to the vertices 2, 6,
1€(8)
and 8 and, further, that the vertex 2 (this can also be a leader) or 6 transmits
the above average to 7 — and thus distributed averaging is performed. Note
that we can use K5 instead of the subgraph of § with vertices 1, 3, 4, 5 and
isomorphic to XKjy...; finally, the vertices 1 and 2 (these can be leaders) will
transmit the average % >~ qoi to the vertices 6, 7, and 8. The study of this
1€(8)
alternative way is left to the reader.

For the (nondirected simple finite) connected graphs with at least two ver-
tices, distributed averaging based on the DeGroot model on distributed sys-
tems and the uniform (random) generation based on Markov chains of the
vertices of a graph taking its edge set into account (when {i,j} (i # j) is
not a edge of the graph, any transition matrix we use has the entries (i, )
and (j,7) equal to 0) are related problems/topics (...the stochastic matrices
from Example 3.4 can be used to construct a Markov chain for the uniform
generation of vertices of 3-cube graph...)

— which of them is harder?...



126 Udrea Paun

In this article, the framework for the DeGroot model and that for the De-
Groot model on distributed systems we used are general, i.e., homogeneous
(when we use just one matrix at any time/step) and nonhomogeneous (when
we use at least two different matrices at least two different times)

— which of them are better?

We believe that the nonhomogeneous frameworks are better — these frame-
works are supported, among other things, by the DeGroot submodel, Theorem
3.3 (Example 3.4 is for m = 3), and Example 3.6 (we used nonhomogeneous
products of matrices in these three places). For the homogeneous frameworks,
see, e.g., [7], [27], and [30].
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Abstract In this note we provide some analogues of our numerous recent results on traces
and distances in terms of Martinelly-Bochner integrals and kernels. These are
first results of this type in terms of such kernels. Some assertions for Martinelly-
Bochner integrals related with Holder classes and Lebegues points will be also
discussed.

In recent years various new sharp results on traces and distances were pro-
vided in a big series of papers of the author. In all these papers properties of
Bergman-type kernels and Bergman-type integral representations are playing
a critical role. The intension of this paper to find some analogues of these re-
sults in terms of or with the help of more general integral representations and
more general kernels in analytic function spaces in higher dimension so-called
Martinelly-Bochner integral representations and Martinelly-Bochner kernels in
cn.

Our work consists of three parts. In the first part we partially generalize our
results on traces. In the second part we provide estimates of distance function
in terms of Martinelly-Bochner kernels and Martinelly-Bochner integrals. In
the third part we present results on Martinelly-Bochner integrals related with
Holder classes and Lebegues points. This type of issues arise naturally in view
of recent series of papers and new results of the- author on multifunctional
analytic spaces and related issues.

In our proofs we modify the methods of earlier results and theorems for
the case of Martinelli-Bochner integrals and kernels. In particular we give full
analogs of trace theorems in analytic Bergman-type spaces in strictly pseudo-
convex domains with smooth boundary.

Keywords: Martinelly-Bochner integrals and kernels, analytic function, traces, distances,
pseudoconvex domains.
2020 MSC: 42A45, 42B15.

1. INTRODUCTION

In recent years various new sharp results on traces and distances were pro-
vided in a big series of papers of the- author (see [4], [9], [10], [11], [12],
[13]). In all these papers properties of Bergman type kernels and Bergman-
type integral representations are playing a critical role. The intension of this
paper to find some analogues of these results in terms of or with the help
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of more general integral representations and more general kernels in analytic
function spaces in higher dimension so-called Martinelly-Bochner integral rep-
resentations and Martinelly-Bochner kernels in C” (see [5]). Some new results
on Martinelly-Bochner integrals related with the Lebegues points and Holder
functional classes will be also presented.

2. TRACES IN PSEUDOCONVEX DOMAINS
AND MARTINELLY-BOCHNER INTEGRALS.

In this section we partially generalize our results on traces. The goal of
this section is to provide a class of analytic functions on products of bounded
strictly pseudoconvex domains D x- - - x D so that their traces allows Matrinelly-
Bochner integral representation. To be more precise we first need standard
definitions (see [5] and references there).

We define the unit ball in C™ by B. Let U be an open set in C", we say
f e CcrO) if f is complex valued function and ) e C:O(T]') = C(U). We
denote by H(U) the set of all analytic in U functions. U™ = U x --- x U,
m > 1is a product domain and H(U™) is a space of all analytic function on
(U™) (see [4], [9], [10], [11], [3]) or D™. Using definitions of analytic function
spaces in a domain, we define analytic function spaces in product domains in
a natural way (see [10]).

We denote by D in C" a region with 9D boundary of C* class in some
neighborhood of closure of D and dp # 0 on 0D. The p function we call as
usual the defining function of D (see [10]). We consider an outer differential
form (Bochner-Martinelly kernel) U((,z) of (n,n — 1) type of the following
form (see [5])

(n_l)! n( 1)k: 1 <k

U =
(¢, 2) 2 T

!2" Sk 2R GeIK] A dC

where d([K] =d(; A+ AdC_y AdCpiq A+ ANdCp,, dC =dCy A~ AdC,,. For

n = 1 we have Causchy kernel U((, z) = 21” Cdf

U are harmonic in C™"\{z} and d:U((, 2)=0
Moreover (see [5]) if g(¢, z) is a fundamental solution of Laplace equation
then we have

) Obviously coefficients of

n

dg . L
UG2) = (=) g dCIKT AdC = (=1)""0cg A ) L dC[K] A d¢[K]
k=1 k=1
where 0 =Y, nga%k.
We denote various constants in estimates in this paper by C or by C with
indexes, these constants are independent of functions in estimates.
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Theorem A.(see [5]). Let D be a bounded region in C" with partially-
smooth boundary and let f be holomorphic in D of C(D) class. Then

f(z), ze D

0, 2z ¢ D. e

f(g‘)U(g,z):{

oD

This is a Martinelly-Bochner integral representation.

This theorem was obtained by Bochner then by Bochner then by Martinelly
independently and by different methods. This formula is now classical and can
be seen in various textbooks on complex analysis. Note for n = 1 we have
classical Causchy formula, but for n > 1 we can easily see that the U((, z) is
not analytic by z or (. We will need the mentioned formula for Hardy spaces.
We need some definitions. Below we omit the index of space if it is zero. Let
D be a bounded region, 0D € C'*®, o > 0. We say that analytic function f
belongs to Hardy space HP(D), p > 0 if

sup /a UFC=er(O)Pdo(c) < .

e>0

where do is the Lebesgue measure on 0D and v(() is the vector field of outer
normals to dD (see [5]). For bounded pseudoconvex D domains we have
another definition, for a defining function p, D = {z € C" : p(z) < 0}; let
D.={z€ D:p(z) < —¢} for e > 0. Then

HP(D) = {f € H(D)ssup [ [7()Pdo. < o)
e>0 JoD,
0<p<Loo.
We define the same space in product domains in a natural way as we define
Hardy spaces in polydisk using definitions in the unit disk see [3], [4].

Proposition B. (see [5]). Let D be bounded strongly pseudoconver domain
with smooth boundary. For allp > 1 and all f, f € HP(D) Martinelly-Bochner
representation is valid.

Proof. Note first (see [5]) our proposition is valid for all bounded domains with
0D € C'*® o > 0. For each f, f € HP, p > 1, f has boundary values almost
everywhere on 0D so that these values are in LP(0D). By this classical fact,
together with representation via boundary values

f(z)= [ JF(OP( z)do,

oD

where P is Poisson kernel of D domain.
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Note the G Green function admits representation G((, z) = ¢({, z) +h(¢, 2),
where g is a solution of Laplace equation and where h for all fixed z € D is a
harmonic function in D of C1*%(D) class hence

z)do = z " — k_liah_ =
P(¢,2)do = U((, >/8D+;< D e g K A /oD = &y + 2,
but note
| s@neacr= [ 03 -0 el e
oD oD el k

k_1 Oh B
- [ 50 ( )dgde[Mdc>—o

This follows directly from the fact that > p_ (—1)F~1 ah dC [K]AdC is a closed

form (see [5]). And this gives directly what we need for each f, f € HP(D),
p > 1 Martially-Bochner represention is valid. I

The intention of this section to show such type results for other spaces in
unit ball or general bounded strictly pseudoconvex domains D, based on our
previous results and on embeddings from [1].

The natural question is the following:

Let X be a space of analytic functions, X C H(D™). Let also
Tr X ={f(z,...,2), f € X}. Can we say there is a function go, go € Tr X so
that it admits Martinelly-Bochner integral representation (1). Below we pro-
vide a general scheme of a solution for case of unit ball and bounded domains.

We define for a D - differential operator in pseudoconvex domain D (see
[1]), 0 < p,q < oo Hardy-Sobolev and Bergman-Besov spaces of analytic
functions

Hgﬁ(D) = {f € H(D) : sup (/ ]Daf(g)]pdag)paﬁ < oo} , >0, a>0.
0D,

e>0

TR

A4D) = fe H(D Z/ (/8

|a| <k

D“f(c)\pdq) ' e < oo
D,

6 >0, a>0.

We define same spaces in product domains in a natural way as we did in
polydisk using definitions of spaces in the unit disk see [2], [3], [4].

We give a typical result in this direction on traces. Note for case of unit
ball we have (see [2], [3], [4]).
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Theorem C.

1 Let p<1, 8>a>0,then AP" B) C Trace Hgﬁ(Bm);

(3-a)pm-n!
by

Ty
2 Let p<1;a; >0,t> =1 then

APP (B) C Trace (Af’g(Bm));

mi+mn—n—3"", a;
Bj=a;+1,j=1,....,m.

Obviously we have also (see [1], [3], [4]) the following embeddings
(0<p<oo,p>gqand sy, s3> 0).

AP _(B) C HY,(B) C H”(B) C HY(B)

p(s2—51),8
then we have (APP = AP, Hg = HP)
AP 4(B) C AL ((B) = AL(B), B> 0.

Now according to proposition B for any analytic f function, f € HP(B),
1 < p < oo the Martinelly-Bochner integral representation is valid. This in
combination with embeddings above gives

Theorem 1.

1 Letp <1, a>p ,then TmceHgﬂ(Bm) contains a f function for which

fz) = | f(QU(C 2); z€ D (M)

oD

2 Ifp<1,a; >0,8;,=a;+1,t > Zﬁj,j =1,...,m, then Trace A‘:E(Bm)
contain a f function for which (M) integral representation is valid.
Remark 1. Note that previously this assertion was known for Bergman
representation and Bergman kernels.

The case of general D domains (pseudoconvex) can be considered similarly.
It is based on our recent results from [11] and [12] and similar embeddings for
pseudoconvex domains from [1]. Analytic Herz type spaces can be considered
similarly (see [13]).

We need some definitions to formulate a theorem we need. Let K(w) be
entire function of one variable w = u+iv, K : R - R, K(u) # 0 for all u € C.
Let

on—2 7 K(iao+1Im z,)
= m

9s"2" a(ia+Im (¢, — zn))’

enK(Im z,)®(C, 2)
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5= Z ¢k — 2%, @® = s+ Re((,, — zn), cn = (1) H(2mi)™.

Theorem D1.(see [5]). If n > 1, then ®((,z) = g((,2) + h((,2) ,where
¢+ g(C, 2) is a fundamental solution of Laplace equation and ¢ — h((,z) is
harmonic in C™, for each arbitrary fixed z.

We need an extension of Martinelly-Bochner integral to unbounded domains
D in C" then for tubular domains the same problem can be posed and solved
based on our recent results on traced in Bergman type spaces in tubular do-
mains over symmetric cones with smooth boundary.

If f € H(D)NC(D) and if h € C'(D) and h is harmonic by ¢ for all z € D.
Then p;, form is closed in D

and

F(QaR(C) =0, f € H(D)NC(D).

oD
Note in bounded domain then we have (see [5])

fz) = - FOWE2) +mi(Q)], z€ D (G1)
with coefficients (K x K) matrices x,t € R™.
Remark 2. Note if K =1 then ® = g.

Theorem D2.(see [5]). If D is unbounded domain in C", n > 1 with
smooth boundary, f € H(D) N C(D) where B(0, R) is a ball of radius R then

if
Jim. ( L 96 z)) =0 (K0)
for all fivred z € D then

where

& 0
¢ = S0 (g ) dcl e

Proof. Just use G for domain D N B(0, R) then pass R — oo. I
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To formulate our theorem 2 we will need basic facts of theory of analytic
function spaces in tubular domains over symmetric cones (see [20]).

A subset Q of R™ or V, so that dim V = n to be a cone if Ax € (), for all
€, A>0,if Ao+ py € Q for all x,y € Q, A, u > 0 then it is convex. Let in
addition Q* = {y € R : (y/x) > 0,Vz € Q\{0}} and Q* = Q. This type open
cone is selfdual (2* is dual cone).

Let G(Q) = {g € GI(R") : ¢ = Q}, where GI(R™) denotes the group of
all linear invertible transformation of R™. If for all x,y € 0, y = gz, for some
g € G(Q) then our open convex cone ) is homogeneous, if also Q* =  then
it is symmetric cone.

If the equation €2 = €1 + s is not possible for each V7, C R™, V5 C R", then
our cone is irreducible, here V; # @, i = 1,2 (1, Q2 are symmetric cones),
where also ; C V;, i =1,2.

We need also determinant A'(Im z), z € C", t € (0,00). We fix V -
a simple FEuclidean Jordan algebra with rank r.

If v € V, m(z) = min{k > 0 : (I,z,22,...,2") are linearly dependent},
then 1 < m(z) < dim V and r = max{m(x) : x € V}, we say rank of V is r.

According to spectral theorem if V has rank r, then z = Y7, \ics; A € R;
¢; - are elements of so called Jourdan frame, and {);} are determined uniquely
by x (with their multiplicities). We fix now a Peirce decomposition of V' =
Di<i<j<rVij; (we formally look at V as a space of symmetric matrices (Vj;),
Vii = Rc;, where R is a special mapping, Vi; = V(¢;,1/2) NV (¢;,1/2) = {z €
Vicgr=cix=35}i<j,dimVy=d= 2"7{:1) We denote by Pj; the
orthogonal projection of V' onto V;; for i < j. Finally we denote by Aj(z),
j =1,...,r, the principal minors of x € V with respect to the fixed Jordan
frame {ci1,..., ¢ }. That is Ag(z) is the determinant of the projection Pyx of
x in the Jordan subalgebra vk = Di<i<j<rVij-

It is well-known that Q = {z € V : Ag(z) >0: k=1,...,r}. We have also
Ag(mz) = Ag(x), z € V, m € Z,, m > 0. See other properties of Ay in [20].

We define Ay(z) = [[ AY ™ (2) = A} (2)... A (), 2 € Q, s € O7,
j=1

.,
We have that [As] = A(Im z) and Ay >0 aic; = [[a]';a, >0,i=1,...,r.
i=1

Let 2 be an irreducible symmetric cone in the Euclidean space V, and
To = V + i€ the corresponding tube domain in the complexified space VC,
T{{L:TQ X ...TQ.

As combination of this theorem D2 and theorems on traces [16] in tube we
have
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Theorem 2. Let Tq be a tubular domain over symmetric cone, and let

AP (TG = {f € H(TY') : /T [f (21, s zm)|” HAa(Im zj)dv(z;) < oo}7

Ta j=1

0<p<oo, a>—1. Then TraceAl = {f(z,...,2), f € AL(TH)} contains a
function, so that representation (K) is valid if (Ko) holds.

Proof. Sharp traces of Bergman spaces in products of tubular domains were
calculated by the author, in [16], this set contains analytic f functions from a
Bergman space in tubular domain. This with combination with the mentioned
result gives us the proof immediately. I

Similar results can be obtained based on integral representation based on
second Green formula (see [5]) and our recent results on traces of Bergman
harmonic function spaces in the unit ball (see [17]) B = {|z| < 1} C R"™ and

+1
R

We give more details on this integral representation.

m

Let in R™, m > 1 us consider a differential operator in R™ A = )" Aj%,
j=1
where A; are matrices of order [ x K on C, Sy, = {|z| =1,z € R™} if

ASAj + ATA; = {0 i
20, ifi=7.
where i,j € [1,n], A} = AZT complex conjugate of A;, Ii is unit matrix. Then
A is Dirac operator. For solutions of Dirac operator we have analogue of
Martinelly-Bochner theorem
For definition of vector function space in theorem E we refer to [5].

Theorem E.(see [5]).
Let A be Dirac operator, D C R" is a bounded domain with smooth bound-
ary. If f € [C(D)NCY(D)*, Af =0, then

) f(x) ifxeD
/ap Ualt, )1 (1) = {0 ife ¢ D.

where Uy is a special Martinelly-Bochner type kernel in R™ see [5] a differ-
ential form type of (n — 1) type

m m

Ua(t,z) = Volem) > Z(—l)i‘lA;AiMdt[i].

j=1i=1
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Details of proofs of these assertions analogues of previous theorems 1,2 for
harmonic function spaces based on theorem E we leave to readers (see [12],
[13]).

3. DISTANCE FUNCTIONS AND
MARTINELLY-BOCHNER INTEGRALS

The goal of this section to provide estimates of distance function in terms of
Martinelly-Bochner kernels and Martinelly-Bochner integrals based on meth-
ods and results of [9], [10] and [11] and our earlier work cited there.

Note that previously we obtained such type theorems in various spaces
of analytic and harmonic functions of one and several variables in various
domains in terms of Bergman kernel and Bergman-type projections (see [9],
[10], [11] and various references there). The line of our proof is rather similar
however to those simpler cases but it is based on some results on more general
kernels as Martinelly-Bochner kernels and Martinelly-Bochner integrals (see
[5] and references there).

Let D be bounded domain in C"”. X, Y be quazinormed subspaces of
H(D), where H(D) is the space of all analytic functions in D. Let X C Y,
let f € Y. We search for those estimates of a function disty (f, X) which
generalize previously known such type estimates obtained via similar Bergman
type kernels.

We have the following result in this direction. First if X C H?, p > 1 then
the problem of estimates of distyr(f, X), f € HP appears naturally. In our
previous papers to role of Bergman type kernels for this problem was critical.

Let HP C X, X C H(D™), then let f € X. We also can consider a problem
of finding estimates of function distx(f, HP), 1 < p < oo, HP = HP(D™) on
product domains in terms of Martinelly-Bochner kernels or integrals.

From the arguments used in the proofs of our previous papers [10], [11],
[14], [15], we may now give a useful distance evaluation result.

Let X € HP(D™), 1 < p < oo, m € N, we assume X is a quazinormed
subspace of H(D™). To estimate distg»(f, X), f € HP, 1 < p < oo we follow
our arguments from [14] in the unit disk {|z| < 1} and unit ball.

Since f € HP(D™), then applying Martinelly-Bochner representation by
each variable

ceyZm) = OU(C, ) = 3o Cm 1 )
S = [ QU= [ [ e DI
zje€D,j=1,...,m where

HP(D™) ={f € H(D™): SUP/ / O)Pdo < 0o}, 1 <p < oo
Rr>0Jop  JoD
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is a Hardy space on products of D domains, m € N, D is bounded in
C", 0D € O a > 0 (note that these are Banach spaces) and where
Cr= (¢, —Rv(¢y),...,¢n—Rr((,)), v is a vector field of outer unit normals
to 0D.

Let XY = {¢ € a(D™) : ¥(|f(Q)| > e}; ¥ € C'(A(D™)) fixed. Then
f=h+r

m

AE = [, FOTTUG: fte) = /(Dm)\XW FOTIVE ).

j=1 9 e, f Jj=1

Assuming f, € HP, we get

disth(f,:c)<cinf{6>O:/X\pff 1_[1 (¢j52) X(Dm)<oo}
€, j=

since distpr (f,x) < c|lf = fillar = [ f2]l ze-
Theorem 3. Let p > 1. Let ¥ € CYH(9(D™)), ¥ > 0, be fired function, let

fearom™), [ fOIIL U, 2) € HP. Then
A(D™N\XY,

distpe(f,Y) <cinf¢e>0: H (¢;52) < 0

i=1 Y(Dm)

where

Xl =1{¢eaD™) - w(If ()] = &},
where Y C HP is a quazinormed subspace of HP(D™) for any bounded D
domain with 0D € C°*t1, o > 0 boundary.

Remark 3. Similar results are valid for Martinelly-Bochner type integrals
and harmonic function spaces in B! and unit ball in R™. See [17] where
similar problems where solved via Bergman kernel.

Theorem 3 is a typical assertion, other assertions of such type in terms of
U(z,() kernels can be also formulated similarly.

4. SOME REMARKS ON
MARTINELLY-BOCHNER INTEGRALS
RELATED TO HOLDER CLASSES AND
LEBESGUE POINTS.

The goal of this section is among other things from [5] related with expres-
sions like |®f(z1)—®f(22)] to the case of two functional similar type expressions
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like |®¢(21) — P4 (22)|, where ® is a certain operator, f, g are certain functional
class members, z1, z0 € D, where D is a fixed domain in C™.

This type of issues arise naturally in view of recent series of papers and new
results of the author on multifunctional analytic spaces and related issues (see
[8], [17] and various references there).

To obtain this natural tranfsormation of known results from one functional
case to two functional case we follow the proof of [5] and at the same time
modify proofs from there to our case. First we provide certain equalities (A),
(B), (C), (D), which can be checked directly, then use them in our proofs. We
alert the reader that in those places where arguments are close or the same
as in [5], we omit details making the exposition of this note rather concise
we note also that our problems we considered below is an attempt to provide
natural extensions of known one functional results to two functional case.

Let

(M) = /a QU
(M) = /a QU

then we have following equalities

(Mf)(=") = (Mg)(z7) = f(2) —g(2) = / (fO)=FNWUC =) -U(C,27))-

oD

- / dQOU(C, =)~ / GG -UC =N+ [ FOUE ) = (A)
oD oD

oD
- /a O = LU = UG + M =9)(=) — 9(2)
(MF)(EH) - (Mg)(5) = / (F(O) = FENU(C, 2H)
oD
- / (F(O) — FENUGE) + 1) / UCF)-UCT)~  (B)
oD 0D
- / g(QUC.5) + / FOUGE) = / (F(O) — FEOU(C, 54~
oD oD oD
- / (FO) — FEONUC.5) + £(0) / (U7~ UG 2 )+ M(f—g)(E);
oD oD

we omit technical calculations leaving them to readers. Note all equalities are
based on simple properties of Martinelly-Bochner integrals (see [5]).
It can be checked directly that

/ (F(Q) — FO)U(C,2) — / (9(0) — 9(O)U(C,0) =
oD

8D\B(0,¢)



140 Romi F. Shamoyan

=/' (ﬂO—ﬂWﬂW@@—U@ﬁ»+/ (F(O) — FO)T(C,2)—
OD\B(0,¢) P

DNB(0,e)

—/’ <mo—gmmﬂam+/’ (F(0) — FO)U(C,0) =
8D\ B(0,¢)

OD\B(0,¢)

:/ (F(C) — FO)(U(C.2) - U(C.0)+ (©)
AD\B(0,¢)

+/ <ﬂ@—f@Mﬂa@+/' (f — 9)(Q) — (f - 9)ONU(C, 0);
dDNB(0,¢) 8D\ B(0,¢)

—/ U@%J&WWKJU+/ (F(Q) — g(=2)U (¢, 22) =
OD\os

OD\os

+(f(z1)—f(z2))/aD\ U, 2"+ Apg+ Bpg+Cpy=

=/’ <mo—g@%xvxw%—U«J5y+q@U—f@%{/ U2+
0D\os dD\os

+/ (9= N — (g HENUE.
OD\o s

where o4 is arc on 0D.

Remark 4. For those cases when g = f all equalities (A), (B), (C), (D)
can be seen in [5] (see lemma 5.3, theorem 6.1, 6.2).

Let © be a domain, we say f is Holder class « if |f(¢) — f(2)| < |¢ — z|%,
(,z € Q, a > 0. We consider bounded domains with smooth boundary,
f€LYOD), D={z€C" p(z) <0}, pe CHC™),dp+#0on dD. Let V(OD)
be a neighborhood of 9D. We assume f can be extended to V(0D). Consider
integrals
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Note if z ¢ 0D then the integral has no singularity, if z € 9D, then
1F(Q) = F) x [U (¢, 2)] < el¢ — 2[*F17do(¢) (2)

if f is a Holder class function. The natural question is let f is of Holder class
a in V(0D) then can we say ®(z) is of same class a. The answer is positive
(see [5]).

The next more general question is if f, g are of Holder class a then what
can we say on |®¢(21) — ®y(22), 21,22 € V(9D). We will use formula (D) for
our proof. But first note that the following simple observation is valid.

Let 2!, 22 € V(AD), |2} — 22| = 6, ¢ is small, if B(z!,20) C V(dD),
o5 = 0D N B(z',25). Then (see [5])

‘/ fEU (CZ]\<C1/]C AreTInge < e85 =1,2.

This follows from (2) directly and the fact that os is smooth.

So for f = g case it is remains to estimate integrals by D\os to get estimate
for |®¢(z1) — ®f(22)]. But for [®f(21) — Py(22)| we have formula (D) and
estimates

A =1 [ GO-1EUE N <@ 0<a<

Bg = ‘/ (g(C) - Q(ZQ)U(QZz)’ < 5150“, O<a<l.

Since obviously we have

@ f(21)—Pg(22)| =

/ (F(O) = F)U(C, 21) — / (9(0) — g(z2)U (G 22)| <
oD oD

<A+ By +Cy g

Cfg:

)

/ (F(O) = F)U(C 1) - / (9(0) - g(z2)U(C, 29)|.
dD\os 0D\os

using (D) we have now that ¢y g < ¢j + c? +c+ cj% + c‘rf’. Note that
3., 4., 5 _ 2y. 1y _
Grerd= [ (DO NE: UG = 0pyfer,)
os

Remark 5. Note we also have

|©f.q(21,22)] < [®g_p(22)| + &,
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o= [ (6= DO~ o= NENUE N V()
So we have that
@ f(21) = Bg(22)| < g+ 5y + G 40" + Py s(22)].

We will insist on estimate with ® ;.

We have C?c < ¢0® since |faD\gé(U((, 21))| < 1, see [5]. We estimate C}] and
E;_f. This is based on simple estimates of U((, 2%) —U((, 2Y), 21,22 € V(9D).

We have that (see [5])

<

L/ (9(0) — gV 22) — UG, 2))
dD\os

<éb 1€ — 2H2 2o < E(6%)
OD\os
/ (f —9)(Q) — (g — NENUE 2N ~ UG 22)| <
OD\os
<& ¢ — 2102 < &(5%)
OD\os

Since faD\05 ¢ — 21 *2"do < @6 (see [5]).
So finally we have an estimate

|Pp(21) — Pyl22)] < 6% + | Py f(21,22)], 0 << 1
and
[®f(21) — Pg(22)| — [Py, r(21, 22)| < 6.
Note if f = g this obtained in [5] and [6].
We now formulate the final result.

Theorem 4. Let f, g be of Holder class o, 0 < o < 1 in V(0D). Then
in V(0D) we have the following estimate

[@p(21) = y(22)] < 6% + [Py f(21, 22)[; 21,22 € V(OD),

|zt — 22| =45, § < 8o, for some fived &9, o > 0.

We assume M f(z) = [, f(QOU(C, 2), z ¢ OD, f € C'(D) below.

Now we use (A), (B), (C) to obtain such type results for other mentioned
assertions from [5]. Note to get the proof we must follow one functional proof
from [5] modify it to use mentioned equalities (A), (B), (C).
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Let D be bounded domain with C! boundary and f € L'(0D) and 2° € 9D

and V0 be a cone with 20 as peak (vertex), with conic angle equal or less to
7/2. Let z € DN V,0. We say 2° is a Lebegues point for f if (see [5])

lim -2 / £(O) — £(=%)]do = 0.
e—=+0 ODNB(20 )

We will be using (C) and arguments from proof of theorem 5.2 [5]. We note
first (see [5])

/ 1O — FOIUC.2)
aDNB(0,¢)

K = 52%72_1 ase — 0.
This and (C) lead to theorem.

<K |£(¢) — f(0)|do — 0;
dDNB(0,¢)

So based on (C) we have the following.

Theorem 5. Let z € DNV,o be a Lebegues point for f and g, f,g € L'(0D).
Then

z2—20
ZEVZO

im [ (F() — F)UC2) - / (9(0) - 9T (C, %) =
8D OD\B(20,]z—2°])

= lim (f =9)(Q) = (f —9)("NU(¢, 2).
je—{/io OD\B(2Y,|2—20|)

Using (A) and (B) and following the proof of theorem 6.1, 6.2 (see [5]). We
can have assertions concerning

lim Mf(z") — Mg(z™) — f(ZO) - 9(20)’

zt—20

where, f,g € L'(0D), 2° is a Lebegues point of f and g simultaneously and
|t = Mg() = 1) = st o

if D is bounded, 0D € C!, f € LP(E)D) p > 1, v(¢) is a unit vector of outer
normal to D on (, 2T =2z —ev(2), 27 =z + 61/( ). We omit details here.

So, based on (B), we have the following

Theorem 6. Let 20 be a Lebesque point of f and g, [ € LY(0D), g €
LY(0D), 2T € V,yND, 2= = V,,N(C™\D), a|zT —2°| < |27 =20 < b|2+ -2,
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a,b€ R, a <b, 20 € ID, D is bounded, 0D € C', 2° is a peak of cone V,,,
cone angle is B < w/2. Then
lim (Mf(2") = Mg(27)) = f(z0) + lim (M(f —g)(z7)).

zt—20 z+—20

Remark 6. For f = g this is a theorem from [5].
Based on (A) we have the following theorem 7.

Theorem 7. Let D be a bounded domain with smooth boundary. Let f,g €
LP(OD), p> 1. Let z%, Z= belong to D and C™\D for ¢ small enough. Then

Apg= [ 1MF( = 0(2)) - Mo(z + ev(z)) o <
oD

<e /8 Ufpao+ /a M =)o

tim [ Mf( = () - Mo(z +ev(2)) — f(2) - g(2)Pdo <
E—r 8D

< lim [[M(f — g)(z7)llze + llgllzr-
e—0

Remark 7. At the end of this paper we find interesting to suggest an-
other idea related from one hand to Martinelly-Bochner integrals from the
other hand to our recent work on traces in analytic functions Bergman spaces.
In [7] the role of expanded Bergman projection based on expaned Bergman
kernel was crucial for solution of certain problems related with traces of an-
lytic functions in polyballs. It will be nice to study their analogues expanded
Martinelly-Bochner kernels and based on them expanded Martinelly-Bochner
integrals based in particular on the following simple idea.

Let as usual ¢(¢, z) = C"W’ n > 1, p be defining function of D C C",
D={p<0},dp#00ndD, pcCL
Py, s be a complete orthonormal system of homogeneous harmonic polyno-
mials in L2(S), * is well-known Hodze operator for differential forms see [5]
n - -
a(¢) = 3 (=1)F 1 ¢pdClk] A dC.

k=1
We suggest to study kernels of type (expanded Martinelly-Bochner kernels)

U1 vom) = Yo (-0 T o6 25)dGIK] A g
k=1 kj>1

n m ([ 7215;
U(C,zl,...,zm):(n_l)!z% dea

ﬂ-n
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U(C,zl,...,zm): _Z Pk,s(zl) %O Pk,s(C)

o n+k—1 K‘2n+2k—2

_ Z Pk,s(zm) *O Pk,s(C)
- n+k—1 ’C’2n+2k—2

Note that for m = 1 these kernels coincide with classical Martinenelly-
Bochner integrals (see [5]). Same idea used for Bergman kernel in series of
papers of the author (see [7] and references there).

m

(1 =1z
B(z1, ...y zm,w H 1—zuf°‘1+2’ -1,zj,we D, j=1,.

These types of extensions of Bergman kernel was considered by author in
[7].

5. CONCLUSION.

In our paper we stated some analogues of our recent results on traces and
distances in terms of Martinelly-Bochner integrals and kernels. These are
first results of this type in terms of such kernels. We also discussed some
assertions for Martinelly-Bochner integrals related with Holder classes and
Lebegues points.
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